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A SYMMETRIC THEORY OF ELECTRONS AND POSITRONS

Note by Ettore Majorana
Translated from Italian by Luciano Maiani* ‘Il Nuovo Cimento’ 14 (1937) 171—184

(Received April 20, 1981)

The interpretation of the so-called “negative energy states” proposed by Dirac(!) leads, as it is
well known, to a substantially symmetric description of electrons and positrons. The substantial
symmetry of the formalism consists precisely in that the theory itself gives completely symmetric
results, whenever it is possible to apply it, overcoming divergence problems.

The prescriptions needed to cast the theory into a symmetric form, in conformity with its
content, are however not entirely satisfactory, either because one always starts from an asymmetric
form and because symmetric results are obtained only after one applies appropriate procedures, such
as the cancellation of divergent constants, that one should possibly avoid. For these reasons, we have
attempted a new approach, which leads more directly to the desired result.

In the case of electrons and positrons, we may anticipate only a formal progress; but we
consider it important, for possible extensions by analogy, that the very notion of negative energy
states can be avoided. We éhaﬁ see, in fact, that it is perfectly, and most naturally, possible to
formulate a theory of elementary neutral particles which do not have negative (energy) states.

1. It is well known that quantum electrodynamics can be deduced by quantizing a system of
equations which include the Dirac wave equations for the electron and the Maxwell equations. In
the latter, the charge density and current are represented by certain expressions containing the
electron wave function. The form given to these expressions adds, in reality, something new because
it allows to derive the asymmetry with respect to the sign of the electric charge, an asymmetry which
is not present in the Dirac equations. These expressions can be derived directly from a variational

principle, which yields the Maxwell and the Dirac equations at the same time. Therefore, our first
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problem will be to examine the foundation of the variational principle itself, and the possibility of
replacing it with a more appropriate one.

The Maxwell-Dirac equations contain quantities of two different types. On one side, we have
the electromagnetic potentials, which can be given a classical interpretation, within the limits posed
by the correspondence principle. On the other side, there are the matter waves, which represent
particles obeying to the Fermi Statistic, and which have only a quantum interpretation. In this
respect, it seems little satisfactory that the equations as well as the whole quantization procedure
have to be derived from a variational principle which can be given only a classical interpretation. It
seems more natural to search for a generalization of the variational method, such that the variables
appearing in the Lagrange function assume, from the very beginning, their final significance, and,
therefore, represent not necessarily commuting quantities.

This is the approach we shall follow. This approach is most important for fields obeying the
Fermi statistics; reasons of simplicity may indicate, on the other hand, that nothing has to be added
to the old method in the case of the electromagnetic field. In fact, we shall not perform a systematic
study of all the logical possibilities offered by the new point of view we are adopting. Rather, we
limit ourselves to the description of a quantization procedure for the matter-waves, which is the only
important case for applications, at present; this method appears as a natural generalization of the
Jordan-Wigner method(?), and it allows not only to cast the electron-positron theory into a
symmetric form, but also to construct an essentially new theory for particles not endowed with an
electric charge (neutrons and the hypothetical neutrinos). Even through it is perhaps not yet possible
to ask experiments to decide between the new theory and a simple extension of the Dirac equations
to neutral particles, one should keep in mind that the new theory introduces a smaller number of
hypothetical entities, in this yet unexplored ,i:ield_

Leaving to the reader the ob;riéﬁs extension of the formulae to the continuous systems, which
we shall consider later on, we illustrate in the following the quantization procedure for discrete
systems. Let a physical system be described by the real variables q;, qz, . .. dn (symmetric,
hermitean matrices). We define a Lagrange function:

L= iTZ;(Amq-rés“i‘ BireGrgs)s (1)

and set :
éfLdt =0, (2)

we understand that A.q and B¢ are ordinary real numbers, constant the former and, eventually, time-

dependent the latter, which obey the relations:

Arg TAg s By=—-B (3)

sr
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and, furthermore, with det||A_([I#0.
If the q’s were ordinary, commuting, variables, the variational principle (2) would have no meaning
because it would be identically satisfied.

In the case of non commuting variables, eq. (2) implies the vanishing, at any time, of the

Hermitian matrix:

z ; [55'1- (ZsArsé‘s + B9 )= Zs (A-rs;s + B reqs )ég, ] =0,

for arbitrary variations 8q,. This is only possible if the expression Z (A (q + Byds) are multiple of

q
[57s
the unit matrix so that, after some appropriate modification of the variational principle (2) (e. g. by
requiring the sum of the diagonal terms in the above expressions to vanish (D) we may consider the

following equations of motion:

s (Arsgst Bregs ) =0 r=1, 2,5, n. (4)

We now show that these equations can be derived, following the usual procedure:

. 2wy
9y = _'T(QrH_E?r)

from the Hamiltonian:

H==q ZBNQT?N (5)
T

(whose exact form will be better justified in the following) provided we assume suitable anticom-

mutation relations for the q.. Substituting in eq. (4) the successive equations, one finds:

o
A e B L0000 — Grgytts)

h Sydym

Zs‘Bﬂ‘qs ==

2w
Z: AmBJm [(gygg + "H‘i'.s')'i‘m —9q; (‘I.s'(fm + 'i'mq‘s‘)}

&, m

2w : n
:TJEm B.Jm{ gm[EsArs(Q:rq&’ + 93?.9)] e [Zs-Ars(Qs'?J + QJQS)}Qm] }’

so that it suffices to set:
=2 (6)
ZSA'{S (‘i’s‘-bj + q.-f‘?.s‘) 3 EBTJ’.
for egs. (4) to be satisfied. Denoting by ||A || the inverse matrix of Ay, eq. (6) can be written as:

e /
9,9, t 98- = 75 47 6)
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In special case where A is reduced to the diagonal form:

Aps = arbre
we have therefore:

h
995 t 909 = Frg O (7)

We shall now apply the present scheme to the Dirac equations.

2. It is well known that one can eliminate the imaginary unit from the Dirac equations with no

external field:
W
[—c+(asiﬂ)+ ﬁme]¢=0 (8)

with an appropriate choice of the operators & and B (and this can be done in a relativistically invariant
fashion). We shall, in fact, refer to a system of intrinsic coordinates such as to make eq. (8) real,
keeping explicitly in mind that the formulae we shall derive are not valid, without suitable modi-
fication, in a more general coordinate system. Denoting, as usual, with o, ay, Oz and P1.Pg, P

two independent sets of Pauli matrices, we set:

@, =po, ; A =035 @, =09, ; F=—pa; (9)
Dividing eqs. (9) by —% and defining B’ = —i §, M= 27[;;“ , we obtain the real equations;
i
1 @
]:——;—(cc, gmd)‘i‘r’f’ﬂ] ¢=0. 8y
c 0t

As a consequence, egs. (8) separate into two independent set of equations, one for the real and
one for the imaginary part of ¢." We set ¢ = U+ iV and consider the real equations (8") as acting on

LEH
10
— — —(q grad)+ Fu | U= 0. (10
c ot 2
The latter equations, by themselves(f2) i, e. without the similar equations involving V, can be

derived from the variational principle previously illustrated and quantized as indicated above.

Nothing similar could be done with elementary methods.

Eq. (10) can be obtained from the variational principle:

ke L)1 a _ ) 3 _
afz 27:(; — = (a, grdd)‘l‘ﬂﬂ] Udgdt = 0. (12)

It is easy to verify that the condition(3), in their natural extension to a continuous system, are

obeyed. Following eq. (7) the anticommutation relations hold:
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U (9 Ui g + U U () =580 (g = ¢, 12

while the energy, according to (5), is:
H:fbr*l:‘_c‘(ﬂ:, p)—'ﬁmcszdq, {13

The relativistic invariance of (12) and (13) does not require a separate demonstration. If one adds to
these equations the analogous ones involving V, as well as the anticommutation relations:

U(@)Vs(a') + Vs(a)Ur(q) = 0, one reobtains the usual Jordan—Wigner scheme, applied to the Dirac
equations without external field.

It is remarkable, however, that the part of the formalism which refers to U (or V) can be
considered, in itself, as the theoretical descriptions of some material system, in conformity with the

general methods of quantum mechanics.

The fact that the reduced formalism cannot be applied to the description of positive and
negative electrons may well be attributed to the presence of the electric charge, and it does not invali-
date the statement that, at the present level of knowledge, eqgs. (12) and (13) constitute the simplest
theoretical representation of neutral particles. The advantage, with respect to the elementary inter-
pretation of the Dirac equation, is that there is now no need to assume the existence of antineutrons
or antineutrinos (as we shall see shortly). The latter particles are indeed introduces in the theory of
positive B-ray emission(3); the theory, however, can be obviously modified so that the S-emission,
both positive and negative, is always accompanied by the emission of a neutrino.

Considering the interest that the above mentioned hypothesis gives to eqs. (12) and (13), it
seems useful to examine more closely their meaning. To this aim, we developed U, inside a cube of

side L, over the system of periodical functions:

1

Ty — 27i(r,q) .
pis? 2 -
! na2 L
r=(r, Ty r,) Te =] ryzf_’ rz=-L—; {14
ngs ng, ng =0, 1, 2,
setting:
U, () =20, a,.(r)f (g) (15

As a consequence of the reality of U, we have:

a (1) =a(—7) (16
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In the general case, ¥+ 0, it follows from (12) that:
L = 1
0 (e, (1) +2,(Ne, (N =5 2,

a,(1)a, (r) + ¢, (M e, (1) =0, 1n

2, (1) ay (1) + e, (r)a, (1) = 0.

Furthermore, these quantities anticommute with a(y') and a(y"), when ¥’ differs both from v and
from —7.

The expression of the energy resulting from (13) is:
4 —_—
A=%, % —m:(r,a”)—m-’fﬂ”] 2. (1) a, (7). )
,e=1

The x component of the linear momentum corresponds to the unit translation along x, up to

the factor Li , as usual:
n

4 _
My = JU*p Udg =L, L 41y (e (1), 19
=
and similarly for My and M.
For any value of v we have in (18) an Hermitian form which has, notoriously, two positive and

two negative eigenvalues, all equal in absolute value to cym?c? + h2y?2.

We can thus replace (18) by:
B=Y_eVn?c? + B2r% [y (1) by (1) + By (7) by (1) — B3 (1) b3 (1) — By (1) by (1) ] 18

by being appropriate linear combinations of-the ar, obtained by a unitary transformation. Further-
: ’ #

more, it follows from (16) that by (7y) are linearly related to b; (—7).
The Hermitian form (18), for a given value of ¥, remainsinvariantunder the exchange of ¥
with —y, as a consequence of (16) and (17). From this, and keeping again (17) into account, it

follows that we can set:
ba(N =0, (=7) s by(7)=b(—71). 0
We introduce, for simplicity, the new variables:
B (1) =v2Zb(7) 5 Ba(1) =v2by(7), @D

and we obtain:

2
mzcz + hz?'zrgl [nr( T) —‘%] » 22



Ettore Majorana (translated by L. Maiani) —155—

where we have set:

n (1) =B, (1)B.(r) = {(1)

considering, furthermore, that the following relations hold:

B (1B, (1") + B,(r")B.(7) = 5,4,

l B, (DB (r)+ B,(r)B.(r)=0, 24

B, (DB, (r)+B,(r)B.(r)=0,

as it would follow formally, in the Jordan—Wigner scheme, for the coefficients in the development of
a two component matter-wave.

The preceding formulae are entirely analogous to those obtained in the quantization of the
Maxwell equations, except for the different statistic. In the place of massless quanta, we have parti-
cles with a finite mass and also for them we have two available polarization states. In the present
case, as in the case of the electromagnetic radiation, the half-quanta of rest energy and momentum
are present, except that they appear with the opposite sign, in apparent connection with the different
statistic. They do not constitute a specific difficulty, and they must be considered simply as ad-
ditive constants, with no physical significance.

Similarly to the case of light quanta, it is not possible to describe with eigenfunctions the states
of such particles. In the preséntpcase, however, the presence of a rest mass allows one to consider the
non relativistic approximation, where all the notions of elementary quantum mechanics apply,
obviously. The non relativistic approximation may be useful primarily in the case of the heavy
particles (neutrons).

The simplest way to go to the configuration space representation is to associate to each oscil-

lator the following plane wave:

2m -,
L3 s ru(i":q)awr’ ( r=1, 2)_

corresponding to the same value of the momentum, and with two possible polarization states, to keep

into account the multiplicity of oscillators. We can go further, and describe not a simple particle, but
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a system with an indefinite number of particles with the two-valued, complex eigenfunction

® = (b, ,®1), according to the Jordan-Wigner method. It is sufficient to set:

_y L1 oma,g
‘ol(q)—z'r L3/2 é ® qu(r),

(25)

1 .
(Bz(q) :ZT L_:;/é 62:7:(7,'?)32(?')_

In the non relativistic approximation (lyl<< thg'} the constants bg(y) in (18") are linear
combinations of ay(y), with y-independent coefficients.

The latter coefficients depend only upon the elements of § and, according to (9), we have:

. 0,3(7‘)—;‘,.{2,2(}") _ a3(?’)+ia2f?‘)
by(r)= Jﬁ i bay(7) = ‘*ﬁ 5
B a,;(?’)-l-ial(?’). B ag (1) —2ay(7)
by (1) = — gz ba(r) = — 7=

which satisfy also eq. (20), as a consequence of (16). From egs. (15) and (25) we have, in the non

relativistic approximation:

‘ 0, () =Us(q) — :Uz(q);
(261

l (Dg(g) =U4f9) + iU, (g).

On the purely formal side, we note that & = (®; ,®,) coincides, up to a 4/2 factor, with the
pair of large eigenfunctions of eds_'CIO), when interpreted in the usual way, that is with no reality
restriction.

% i l'_pZUy
To prove this, it is enough to verify that the transformation ¢ = T U allows one to go

from the scheme (9) to the usual Dirac scheme (a=p;0;08= p3), so that, effectively:
_ L
vz

notoriously, in the latter scheme, ¢3 and ¢4 are the large components. This relation clarifies the

1
@1: ';{}4 = _(DQ 3

¢y Iz

transformation law of ® with respect to space rotations, but it has no meaning, obviously, with
respect to general Lorentz transformations.

_ The existence of simple formulae such as (26) could lead one to suspect that, to a certain
extent, the passage through plane waves is superfluous. As a matter of fact, such a passage is

conceptually needed to obtain the cancellation ot the rest-energy half-quanta, In fact, after such
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cancellation, the expression of the energy is naturally given by:

~ 1
H= f@ (mc2+2—r;p2)®a’.q, 2m

to first approximation, and it differs in an essential way from (13).
3. As we have already said, the scheme (12) is not sufficient to describe charged particles; but,

upon the introduction of a further quadruplet of real quantities Vy, analogous to the Uy, one re-

obtains the usual electrodynamics, in a form symmetric with respect to the electron and positron, We
consider, therefore, two sets of real quantities, representing the matter particles and the electro-
magnetic field, respectively. Quantities of the first kind are to be interpreted according to the scheme
described in Sect. 1. Quantities of the second kind, ie. the electromagnetic potentials ¢ and
A = (Ax, Ay, Az), can be interpreted as classical quantities, and have to be quantized according to
the Heisenberg rule, based on the correspondence principle. The Maxwell and Dirac equations (with

the above mentioned restriction for the latter) can be obtained from a variational principle:
3 [ Ldgdt,

L being the sum of three terms:

L:L’-}_L”.I_Lm

The first term refers to the matter wave:

, . ke 1 @ . : ;
L —IZ—E\U*[—C-E‘P(‘I) grad)+ﬂﬂ]U
28)
1 @
+ * l:———(a,grad)'l'z?’ﬂ]V s
c ot

while the second describes the radiation field, which we suppose to be quantized according to the

method of Fermi(®):

1 : 1 /1. 2
e 2 2y — 1
I 8?:(5 H?) Bx(cqurde) 29

We must therefore impose the auxiliary condition

1
?‘P‘!’divA:O 30/
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The expression given in (29) differs from the one used by Fermi, but for integrable terms only.
It leads to a definition of the momentum Py, conjugate to ¢, such as to allow one to eliminate im-
mediately one of the two longitudinal waves, without having to go through the plane wave develop-
ment; in this respect, it is completely immaterial whether the second term in the expression (29) for
L" is multiplied by an arbitrary, non vanishing constant. As for L"" it must be so chosen

that ¢ = U + iV obeys the Dirac equation (8) completed with the external field, i. e. to the equation:

c

[_‘.V + 2o + (a,p+%A)+ﬁmc]¢=0.

In practice, this requirement leads to:

L" = iel* [+ (a, IV —ieV* o+ (2, 4)]U. Bl

Upon variation of the electromagnetic potentials we obtain the following expressions for the
charge and current densities:
PP — 9% 9
| o= —ie(UPV —V*)=— ¢ ———m—,

2
(32

Jagp —¢*rag

' I=i(U*aV —p*al) = e 2

]

These expressions differ from the usual ones for infinite constants only. The cancellation of such
infinite constants is required by the symmetry of the theory, which is already implicit in the form
chosen for the variational principle; in fact, the exchange of Uy and Vy, which appear symmetrically
in L', is equivalent to changing sign to t-he electric charge.

U and V obey the anticommutation relations:

U, (DU, ()40, ()0, () =75 3(g—¢)
V@V (D4, (), (=7 3(g—¢)

U, ()V, (g +V,(¢gNU.(g) =0,

which are equivalent to the usual Jordan—Wigner scheme, if we set ¢ = U +iV. The electromagnetic

potentials ¢, Ax, Ay, Az, on the other side, obey to the usual commutation relations with their

conjugate momenta, e.g. Po(q)go(q') — ¢(q")Po(q) = -2% 8 (q — q'), with:
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P0=-.—1 ok +divA),
dzme \ e
(33
1 1 1
= : = 3 =— E._.
Py 4xc£x ¥ dre ¥ z dme %

"' H'is derived from L', according to

The energy is made up of three terms: H=H +H" +H
the rules already illustrated. The second term is obtained from the classical rules:

H'= [[Pop +(P,A) —L"] dq, where P = (Py, Py, Pz). As for H", it can be
obtained from L”', following either methods (in our case H''' = —f dq) as it must be, since L" is
a function of both the matter and the electromagnetic field variables. This, by the way, proves the
necessity of the ansatz (5). The continuity equation, (30), is obeyed at any time, if it holds initially
together with the divergence equation div E = 4mp. It follows from (33) that the kinematics defined

by the exchange rules has to be reduced by the use of the equations:

] P[)(q)=0,

‘ divP+—£1:-ﬂ=0,

and therefore by assigning fixed values to two field quantities, with the corresponding indeterminacy
in the conjugate variables. The first of (34) implies therefore, the elimination of Py and¢ from the
expression of H. The elimination is easily obtained by making use of (33), and one arrives, in this

way, to the expression:
= 1
H:f ¢[—c(a, p)—ﬁmezjﬁb-‘- (4, f)‘|"2ﬂ:cP2+§-—-]r0t Alz dq- (35)
T

As for relativistic invariance, we note that ¢ = U + iV obeys the Dirac equations, and that the
Maxwell equations also hold, with a charge and current densities which obey the relativistic trans-
formation law. These two facts guarantee that the complete proof of the invariance of the theory is
already implicit in the results of Heisenberg and Pauli (6), We turn now to the interpretation of the
formalism.

4, Upon developing the U in the basis of the periodical functions considered before, and
similarly for the V, we find as the obvious extension of (22), and after cancellation of the rest energy

half quanta:

F=Ze m2c2+ﬁ2r223[?,(T)BT(T)+§;.(J’)B,’.(?')], 6
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where Br and Br' refer to the development of U and V, respectively; By and B;' and their conjugate

variables obey the usual anticommutation relations. If, for each value of 7y, we introduce four

appropriate spin functions £g(y) (s = 1, 2, 3, 4) assuming four complex values and forming a unitary

system, we can set:

U= ‘/_—'%*Zr {By(NE (N +By(N &, (N + By (—1) (1) + B (=1 €N}, (o),

(37
1 = —_
V= ﬁzr {By (n) & (1) + By(r) E,(r) + B1 (= 1) &3(7) + BL(— 1) E,(N } £,(),
the following relations being, furthermore, satisfied:
() =& (—1), g

E(N)=6(—1).

It follows from the expression (32) for the electric charge density that the total charge is given

by:

0=— i;_f[m(qw(q) —V*(q)U(q) ] dg

(39
. 2 - sini _ ; —
=— ;izrrg [ B,("B.(r)+ B,(r)B.(r)— B, (1)B,(1)— B/(1)B,(1) ].
If we set: :
L _P
| B, +:iB B, — iB! o
i ———— § PR
L V2 T V2
we can transform the expressions (36) and (39) for the energy and charge into the form:
PLip =
B=Y cvn’’ + ﬁzrzgl (el e X o4 )
— Z Z-'e] Cel ___:_l_ + ‘C?poscpos s 1
Q=e Zr;;] - T or 2 r vr E
(42

2 — —
=X, zl( —Coct 4 gPEcie),
r=
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The elimination of the half-quanta of electricity is, therefore, automatic, provided we perform
the internal sum first. Eqs. (41) and (42) represent a set of oscillators which are equivalent to a
double system of particles obeying the Fermi statistic, with rest mass m and charge +e; the varia-
bles C;P°S refer to positrons and the C;®! to electrons.

The elimination of the longitudinal electric field by the second equation in (34) is somewhat
different in a symmetric theory because it is not possible to cast p, as it results from (32), in a
diagonal form. The result of the elimination is well known in ordinary electrodynamics (through
partially illusory because of convergence difficulties) where p = —e @ ¢; but it is equally known if one
starts from p = e@*¢@ because the latter position is fully equivalent to exchange the role of electron
and positron, considering the latter as a real particle and the former as a positron ‘“*hole”. It seems
plausible that those matrix elements which mantain the same form in the two opposite theories
remain the same in the symmetric theory.

We thus assume to have already eliminated the irrotational part of A and P. The expression
(35) for H is modified in two ways: first by assuming that A and P in this expression represent only
the divergence free part of such vectors;secondly by adding a term which represents the electrostatic
energy. The latter term takes a different form in the ordinary theory (electron-electron hole) and in

the opposite theory. Keeping the interaction of each particle with itself, one has in the first theory:

2 -~
Hyy == l——l 7170 929 dads;
=

els 2

while in the second theory:
2
1 = h '
Hels — ; J‘f | q_—-—f;'1 G"J*(q) ‘f"(q)ﬁb* (q')‘f’(q')iqdq‘

Using (37) and (40) one can’ expre'ss the electrostatic energy as a function of the C’s. The only
terms which have given rise to physical applications are identical in the two theories: they are those
which can be interpreted, from the particle view-point, as repulsion or attraction between distinct
particles of the same or of the opposite type.

For what concerns the interaction with the radiation field, the only difference between the
symmetric and the ordinary theory lies in the cancellation of undetermined constants, relative to the
single oscillators, in the expression for the current density; again the formulae of interest for the

applications remain unchanged.
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Footnotes

f1) The physical application which will be illustrated later on suggests the more rigorous
restriction that, in any linear combination of q,, and q, to any given eigenvalue there
corresponds another one, equal in absolute value and opposite in sign.

f2) The behaviour of U under space reflection can be conveniently defined keeping into account
that a simultaneous change of sign of U, has no physical significance, as already implied by
other reasons. In our scheme: U’(q) = RU(q) with R = ipyoy and R? = —1. Similarly, fora
time reflection: U'(q,t) =ip; U(q, —t).

The Editorial Note

Luciano Maiani, one of my friends for many years, was among the participants in the Japan-
Italy Symposium on Fundamental Physics which was held on January 27—30, 1981 in Tokyo. After
the symposium he visited Kyoto, where we discussed the Majorana neutrino mass. As a byproduct,
we arrived at the idea of translating the famous but not-well-known paper “Teoria symmetrica dell’
elettrone e del positrone™ by Ettore Majorana for publication in “Soryushiron Kenkyu™.

As the Editor 1 express my spinccre.gratitude to Luciano for his excellent translation of this
Italian paper into English. .

Michiji Konuma

Editor of the “Soryushiron Kenkyu™
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