
85 Springer Series in Solid-State Sciences 
Edited by Klaus von Klitzing 



Springer Series in Solid-State Sciences 
Editors: M. Cardona P. Fulde K. von Klitzing H.-J. Queisser 

Managing Editor: H. K. V. Lotsch 
50 Multiple Diffraction of X-Rays in Crystals 

By Shih·Lin Chang 
51 Phonon Scattering in Condensed Matter 

Editors: W. Eisenmenger, K. Lafimann, 
and S. Dottinger 

52 Superconductivity in Magnetic and Exotic 
Materials 
Editors: T. Matsubara and A. Kotani 

53 Two-Dimensional Systems, Heterostructures, 
and Superlattices 
Editors: G. Bauer, F. Kuchar, and H. Heinrich 

54 Magnetic Excitations and Fluctuations 
Editors: S. Lovesey, U. Balucani, F. Borsa, 
and V. Tognetti 

55 The Theory of Magnetism II 
Thermodynamics and Statistical Mechanics 
By D. C. Mattis 

56 Spin Fluctuations in Itinerant Electron 
Magnetism By T. Moriya 

57 Poly crystalline Semiconductors, 
Physical Properties and Applications 
Editor: G. Harbeke 

58 The Recursion Method and Its Applications 
Editors: D. Pettifor and D. Weaire 

59 Dynamical Processes and 
Ordering on Solid Surfaces 
Editors: A. Yoshimori and M. Tsukada 

60 Excitonic Processes in Solids 
By M. Ueta, H. Kanzaki, K. Kobayashi, 
Y. Toyozawa, and E. Hanamura 

61 Localization, Interaction, and 
Transport Phenomena 
Editors: B. Kramer, G. Bergmann. 
and Y. Bruynseraede 

62 Theory of Heavy Fermions 
and Valence Fluctuations 
Editors: T. Kasuya and T. Saso 

63 Electronic Properties of 
Polymers and Related Compounds 
Editors: H. Kuzmany, M. Mehring, and S. Roth 

64 Symmetries in Physics Group Theory 
Applied to Physical Problems 
By W. Ludwig and C. Falter 

65 Phonons: Theory and Experiments II 
Experiments and Interpretation of 
Experimental Results By P. Briiesch 

66 Phonons: Theory and Experiments III 
Phenomena Related to Phonons 
By P. Briiesch 

67 Two-Dimensional Systems: Physics 
and New Devices 
Editors: G. Bauer, F. Kuchar, and H. Heinrich 

Volumes 1-49 are listed on the back inside cover 

68 Phonon Scattering in Condensed Matter V 
Editors: A. C. Anderson and J. P. Wolfe 

69 Nonlinearity in Condensed Matter 
Editors: A.R. Bishop, D.K. Campbell, 
P. Kumar, and S.E. Trullinger 

70 From Hamiltonians to Phase Diagrams 
The Electronic and Statistical-Mechanical 
Theory of sp-Bonded Metals and Alloys 
By J. Hafner 

71 High Magnetic Fields in Semiconductor Physics 
Editor: G. Landwehr 

72 One-Dimensional Conductors 
By S. Kagoshima, H. Nagasawa, 
and T. Sambongi 

73 Quantum Solid-State Physics 
Editors: S. V. Vonsovsky and M.1. Katsnelson 

74 Quantum Monte Carlo Methods in Equilibrium 
and Nonequilibrium Systems 
Editor: M. Suzuki 

75 Electronic Structure and Optical Properties of 
Semiconductors 
By M. L. Cohen and J. R. Chelikowsky 

76 Electronic Properties of Conjugated Polymers 
Editors: H. Kuzmany, M. Mehring, and S. Roth 

77 Fermi Surface Effects 
Editors: J. Kondo and A. Yoshimori 

78 Group Theory and Its Applications in Physics 
By T. Inui, Y. Tanabe, and Y. Onodera 

79 Elementary Excitations in Quantum Fluids 
Editors: K. Ohbayashi and M. Watabe 

80 Monte Carlo Simulation in Statistical Physics 
An Introduction 
By K. Binder and D. W. Heermann 

81 Core-Level Spectroscopy in Condensed Systems 
Editors: J. Kanamori and A. Kotani 

82 Introduction to Photoemission Spectroscopy 
By S. Hiifner 

83 Physics and Technology of Submicron 
Structures 
Editors: H. Heinrich, G. Bauer, and F. Kuchar 

84 Beyond the Crystalline State 
An Emerging Perspective 
By G. Venkataraman, D. Sahoo, and 
V. Balakrishnan 

85 The Fractional Quantum Hall Effect 
Properties of an Incompressible Quantum Fluid 
By T. Chakraborty and P. Pietiliiinen 



T. Chakraborty 
P. PietiHiinen 

The Fractional 
Quantum Hall Effect 
Properties of an 
Incompressible Quantum Fluid 

With 85 Figures 

Springer-Verlag Berlin Heidelberg New York 
London Paris Tokyo 



Dr. Tapash Chakraborty 

Max-Planck-Institut fiir Festk6rperforschung, Heisenbergstrasse 1 
D-7000 Stuttgart 80, Fed. Rep. of Germany 

Dr. Pekka PietiHiinen 

Department of Theoretical Physics, University of Oulu, 
Linnanmaa, 90570 Oulu 57, Finland 

Series Editors: 

Professor Dr., Ores. h. c. Manuel Cardona 
Professor Dr., Dr. h. c. Peter Fulde 
Professor Dr. Klaus von Klitzing 
Professor Dr. Hans-Joachim Queisser 

Max-Planck-Institut fur Festk6rperforschung, Heisenbergstrasse 1 
D-7000 Stuttgart 80, Fed. Rep. of Germany 

Managing Editor: Dr. Helmut K. V. Lotsch 

Springer-Verlag, Tiergartenstrasse 17 
D-6900 Heidelberg, Fed. Rep. of Germany 

ISBN-13: 978-3-642-97103-7 
001: 10.1007/978-3-642-97101-3 

e-ISBN-13: 978-3-642-9710 1-3 

Library of Congress Cataloging-in-Publication Data. Chakraborty, Tapash, 1950- The fractional quantum 
Hall effect / Tapash Chakraborty, Pekka Pietiliiinen. p. cm.-(Springer series in solid-state sciences; 85) 
Bibliography: p. 1. Quantum Hall effect. I. PietiHiinen, Pekka, 1946-. II. Title. III. Series. QC612.H3046 
1988 537.6'22-dc 19 88-24890 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, 
reproduction on microfilms or in other ways, and storage in data banks. Duplication of this publication or 
parts thereof is only permitted under the provisions of the German Copyright Law of September 9, 1965, in 
its version of June 24, 1985, and a copyright fee must always be paid. Violations fall under the prosecution 
act of the Germ~n Copyright Law. 

© Springer-Verlag Berlin Heidelberg 1988 

The use of registered names, trademarks, etc. in this publication does not imply, even in the absence of a 
specific statement, that such names are exempt from the relevant protective laws and regulations and 
therefore free for general use. 

2154/3150-543210- Printed on acid-free paper 



Foreword 

The experimental discovery of the fractional quantum Hall effect (FQHE) 
at the end of 1981 by Tsui, Stormer and Gossard was absolutely unexpected 
since, at this time, no theoretical work existed that could predict new struc
tures in the magnetotransport coefficients under conditions representing the 
extreme quantum limit. It is more than thirty years since investigations 
of bulk semiconductors in very strong magnetic fields were begun. Under 
these conditions, only the lowest Landau level is occupied and the theory 
predicted a monotonic variation of the resistivity with increasing magnetic 
field, depending sensitively on the scattering mechanism. However, the ex
perimental data could not be analyzed accurately since magnetic freeze-out 
effects and the transitions from a degenerate to a nondegenerate system 
complicated the interpretation of the data. For a two-dimensional electron 
gas, where the positive background charge is well separated from the two
dimensional system, magnetic freeze-out effects are barely visible and an 
analysis of the data in the extreme quantum limit seems to be easier. First 
measurements in this magnetic field region on silicon field-effect transistors 
were not successful because the disorder in these devices was so large that all 
electrons in the lowest Landau level were localized. Consequently, models 
of a spin glass and finally of a Wigner solid were developed and much effort 
was put into developing the technology for improving the quality of semi
conductor materials and devices, especially in the field of two-dimensional 
electron systems. 

The formation of a Wigner lattice has been observed for the two-dimen
sional electron gas at the helium surface with the consequence that all sorts 
of unexpected results on two-dimensional systems in semiconductors were 
assigned to some kind of charge-density-wave or Wigner crystallization. 
First attempts to explain the FQHE were therefore guided by the picture 
of a Wigner solid with triangular crystal symmetry. However, a critical 
analysis of the data demonstrated that the idea of the formation of an in
compressible quantum fluid introduced by Laughlin seems to be the most 
likely explanation. 

The theoretical work collected in this book demonstrates that the Laugh
lin wave function forms a very good basis for a discussion of the FQHE. Even 
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though many questions in the field of FQHE remain unanswered, this book 
offers a valuable source of information and is the first general review of 
the work of different groups in this field. The intense activity in the field 
of high-Tc superconductivity also calls for a book about the FQHE since 
certain similarities seem to be emerging in the theoretical treatment of the 
quantum Hall effect and that of high-Tc superconductivity. 

I hope that this book will inspire scientists to new ideas. 

Stuttgart, June 1988 Klaus von Klitzing 
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Preface 

In the field of the fractional quantum Hall effect, we have witnessed tremen
dous theoretical and experimental developments in recent years. Our inten
tion here is to present a general survey of most of the theoretical work in this 
area. In doing so, we have also tried to provide the details of formal steps, 
which, in many cases, are avoided in the literature. Our effort is motivated 
by the hope that the present compilation of theoretical work will encourage 
a nonexpert to explore this fascinating field, and at the same time, that it 
will provide guidelines for further study in this field, in particular on many 
of the open problems highlighted in this review. Although the focus is on 
the theoretical investigations, to see these in their right perspective, a brief 
review of the experimental results on the excitation gap is also presented. 
This review is of course, by no means complete; the field continues to present 
new surprises, and more theoretical work is still emerging. However, we hope 
that the compilation in its present form will to some extent satisfy the need 
of the experts, nonexperts and the curious. 

Stuttgart, Oulu, 
January, 1988 

Tapash Chakraborty 
Pekka Pietilainen 

VII 



Acknowledgments 

We wish to express our gratitude to Professor Peter Fulde and Professor 
Klaus von Klitzing for offering us the opportunity to write this review and 
for their encouragement and support during the course of this work. We 
are very much indebted to Professor von Klitzing for writing a foreword for 
this publication. 

One of us (T. C.) would like to thank all his colleagues at the Max
Planck-Institute for their invaluable criticism and advice. Among others, 
he would like to thank particularly T. K. Lee, 1. Peschel and G. Stollhoff 
for critically reading part of the manuscript and offering many suggestions 
for improvement, and 1. V. Kukushkin, for providing some of his as yet 
unpublished experimental results. He also thanks B. I. Halperin, H. L. 
Stormer, A. H. MacDonald, S. M. Girvin, F. D. M. Haldane, F. C. Zhang 
and G. Fano for granting permission to reproduce some of the figures from 
their publications. 

The other (P. P.) would like to thank Professor Fulde for arranging a 
visit to the Max-Planck-Institute, Stuttgart, during the final stage of the 
work. He also thanks the Department of Theoretical Physics, University of 
Oulu for support. 

The manuscript was typeset by the authors using AMS-TEX. We would 
like to thank Gabriele Kruljac at the Computer Center of the Max-Planck
Institute, for her assistance in programming. We would also like to thank 
Dr. A. M. Lahee of Springer, whose careful reading of the manuscript and 
numerous suggestions have greatly improved the presentation. 

Last but not the least, we would like to thank our families for their 
patience and understanding. 

IX 



Contents 

1. Introduction 

2. Ground State . . . . . . . . . . . . . . . 
2.1 Finite-Size Studies: Rectangular Geometry 

2.2 Laughlin's Theory. . 
2.3 Spherical Geometry . . . . . . . 

2.4 Monte Carlo Results 
2.5 Reversed Spins in the Ground State 
2.6 Finite Thickness Correction 
2.7 Liquid-Solid Transition 

3. Elementary Excitations . . . . . . . . . . 
3.1 Quasiholes and Quasiparticles ..... 
3.2 Finite-Size Studies: Rectangular Geometry 
3.3 Spin-Reversed Quasiparticles 

3.4 Spherical Geometry . . . . . . . . . . 
3.5 Monte Carlo Results ........ . 
3.6 Experimental Investigations of the Energy Gap 
3.7 The Hierarchy: Higher Order Fractions 

4. Collective Modes: Intra-Landau Level ..... 
4.1 Finite-Size Studies: Spherical Geometry . . . . 
4.2 Rectangular Geometry: Translational Symmetry 
4.3 
4.4 

Spin Waves 
Single Mode Approximation: Magnetorotons 

5. Collective Modes: Inter-Landau Level 
5.1 Filled Landau Level . . . . . . . . 
5.2 Fractional Filling: Single Mode Approximation 
5.3 Fractional Filling: Finite-Size Studies . . . . 

. 1 

10 
10 
17 
24 

29 
32 
35 
37 

39 
40 

49 

50 
54 
56 
65 

73 

83 
83 
85 
94 

97 

109 
109 
112 
117 

XI 



6. Further Topics . . . . . 
6.1 Effect of Impurities . 
6.2 Higher Landau Levels 
6.3 Even Denominator Filling Fractions 
6.4 Half-Filled Landau Level in Multiple Layer Systems 

7. Open Problems and New Directions 

Appendices 

121 
121 
127 
131 
137 

141 

A The Landau Wave Function in the Symmetric Gauge 143 
B The Hypernetted-Chain Primer. . . . . . . 147 
C Repetition of the Intra-Mode in the Inter-Mode 156 

References . . 163 

Subject Index 173 

XII 


