16.107 Review

Simple Harmonic Motion

x(t) = x,, cos(wt + )

* X, is the amplitude (maximum value)

» ¢ is the phase angle (determines x(0))“phi”
s wis? “omega”

o X(t+T)=x(t) - >otHTHd=wt+ ¢

s W(tHT)=wt +21m ----> T =2m

e lw=2n/T = 21 f] angular frequency rads/sec

« recall circular motion wW=A6/At A

SHM

x(t) = x,,, cos(wt + )

X,, 18 a constant
¢ isaconstant “phi”
W isaconstant “omega”

wt+ ¢ varies with time t

x(t)

varies with time t

x(t) = x,,, cos(wt + )

43,
.

X(O=xcos(wttd) |
g V()= wx,, sin (0HH)
ﬂ * v,= Wx,, ‘amplitude’
« shifted by T/4 (90°)
® . ‘a(t)=— w?x,,, cos(wt+d)
LN VAl * a, = WX, ‘amplitude’
« shifted by 27T/4 (180°)

:

i=-w’x

Displacement

Velocity.

Acceleration
s
[

Force Law for SHM

Newton’s second law F=m a

‘a’ non-zero ==> there is a force

F=ma=m(- w’x) =-m w>x =-kx
force = displacement (in opposite direction)

Hooke’s law for springs with[k = m w?]

SHM
or

d2x/dt? = - w2x
F=-kx

Simple harmonic motion is the motion executed by a
particle of mass m subject to a force that is propor-
tional to the displacement of the particle but opposite
in sign.

k.
Frictionless
x

=X, x=0 g

a=- w’x plus F=ma==> F=-k x where k=m w?

w=(k/m)"2 T=21/w = 2m(m/k)!2
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Waves
y
a pulse
® . y=f(x-vt)
[ ’ PN L . ﬁxeq shape moves
1 Typical string clement to right
moves up and then

down as the pulsc passes.

(a)

a travelling wave

y=sin(kx-wt)

t=0 y=y,,sin(kx)

y(x+A)=y,, sin(kx+kA
=y()

Hence kA=2m

Example y(X,t)=y,, sin( kx- ot) =3 sin(2x -2t)

[
///\\ // \\ //\ / Snapshot at t=0

y(x,0) = 3 sin(2x)
Repeats in space with period A
wavelength

Focus on point x=0

o 3 T, & T y(O,t) =3 Siﬂ(-zt)
zw \/ \/ \ Repeats in time with period T

Summary
e w=2nf=2m/T k=2m/A
e v=wk=fA=A/T
* wave speed= one wavelength per period
* y(x,t)=y,, sin( kx- wt) describes a wave
moving right at constant speed v= w/k

* kx- wt =const labels a point on the wave
x = (w/k) t + const

* y(x,t)=y,, sin( kx+ wt) is a wave moving left

* kx+ wt = const labels a point on the wave
x = -(w/k) t + const

Wave speed of a stretched string

v=CF/w"”?  (MLTMLH" =L/T

detailed calculation using 2nd law yields C=1

v = (F/p)"?

speed depends only on characteristics of string

independent of the frequency of the wave
- f due to source that produced it

once fis determined by the generator, then
A=v/f=vT




Interference

¢ Y(Xst)z YI(X9t) + y2(xst)
o y(x,t) =y, [sin(kx-wt) + sin(kx-wt-})]
* sin A + sin B =2 sin[(A+B)/2] cos[(A-B)/2]
o y(x,t)=2y,, [sin(kx-wt- ¢/2)] cos[$/2]
o y(x,t)=[2 y,,cos($p/2)] [sin(kx-wt- $/2)]
* result is a sinusoidal wave travelling in
same direction with
‘amplitude’ 2y, cos((p/2)
‘phase”  (kx-wt- ¢/2)

Standing Waves
* Consider two sinusoidal waves moving in
opposite directions
© YO= Y00 + yax.0)
o y(x,t) =y,, [sin(kx-wt) + sin(kx+wt)]
* at t=0, the waves are in phase y=2y,, sin(kx)
* at t#0, the waves are out of phase
phase difference = (kx+wt) - (kx-wt) = 2wt
interfere constructively when 2wt=m2mn

* hence t=m2mn/2w =mT/2 (same as t=0)

Standing Waves
y(x,t) =y, [sin(kx-wt) + sin(kx+wt)]
sin A + sin B =2 sin[(A+B)/2] cos[(A-B)/2]
y(x,t)=[2 y,, sin(kx)] cos[-wt]
amplitude depends on position x
not of the form f(x-vt) but rather g(x)h(t)
not a travelling wave!

Amplitude is zero when kx=nm, n=0,1,2,...
but k=2m/A => ‘nodes’ at x=n A/2 *
separated by A/2

Resonance
send a sinusoidal wave down a string with the far
end fixed
frequency f is determined by the source
wave reflects and interferes with incident wave

for given tension F and mass density p the speed is
determined by the medium v=(F/ u )2

since v=Af, then A is determined
in the lab you varied t and kept f fixed

Vibrator

: - L |
= ]

Need to adjust f so that A=2L

S —
T f=v/ ). = v/2L
. -* ‘fundamental mode’

(&) R T E SRSl

vi=1/p =>  1=pu4LH?

/.v"'"'T Pl S -
¢ \ . A=L for next stable pattern
(O)El S X . i second harmonic

in general

n is the number of loops

) [~ 1 ~o . f,=nv/2L =nf; ‘harmonics’

2 natural frequencies of the wire

Natural Frequencies

+ Any object or structure has a set of natural
frequencies

« if we shake it at this frequency, then a large
amplitude vibration occurs

* important factor in engineering design

 atoms and molecules have ‘natural’
frequencies as well




Musical Sounds

* Consider a hollow pipe open at

both ends L 7 |
] |

« awavereflectseveniftheendis =FFE T IETt1-22
open =>free ‘end’ =>anti-node R i b

Fundamental or first harmonic

f,=v/A=v/2L

for L=.4m, v=343m/s, f;=429Hz

In general, A,=2L/n n=1,2,3,... g =2iﬁ“2m“
f, = v/ A,=nv/2L L =3;X;Z;X:"‘=2m

= 2
n:am/::zua:m

(@)

Fundamental has /4 =L
fl =v/ A =v/4L Lower than both open

Musical Sounds

Consider a pipe with one
end closed

waves reflect at both ends
but there is a node at the
closed end and an anti-node
at the open end

In general, A, = 4L/n but n is odd!

f,=v/A,=nvA4L n=135,..

Lower frequency
as L increases

Beats
Consider the pressure variations Ap of two sound
waves when detected separately and when detected
simultaneously - can you hear the difference?

Time

Resultant has the average frequency and the sound intensity

varies at a frequency equal to the difference of the two waves

Beats

Displacements due to the two waves at a particular

location are
$;=S,cosw;t and s,=s CcOSW,t

resultant s(t) =s,, [cosw,t+ cosw,t |

=5, [2 cos{(w,t-w,t)/2} cos {(w,t+w,t)/2}]

letw' =(0;-0,)2 ®=(w+tw,)/2
s(t) = [2s,,cosw’t] coswt

“amplitude modulated” “carrier” at average w=2nf

maximum intensity when cosw't = +1

® Wpeat = 20°=2 ((*)1'(*)2)/2 = 2Tt(f1 'fz) = 21beeat

° fbeat: fl _fZ

Doppler Effect

» For moving source and fixed observer
. f =f[v/(vmvg)]

+ if both are moving f ' =f [(v £ v,) /(vllvg)]

* upper sign if approaching
* lower sign if separating

Refraction

* In general v = Afand A changes if v does

+ invacuum c¢ = Af
« inamedium c/n=A2A[f

* hence A, =A/n which is less than A

+ consider two light waves which are in phase
in air (n=1) and each passes through a

thickness L of different material

1y upper wave has A,= A/n,

bt =

lower wave has A,= A/n,




Incident
wave

A>>a

Points of same phase add constructively Vertical screen

Double Slit

* Bright fringe: AL=m A
dsinf=mA ,m=0,1,2,...

* Dark fringe: AL = (m+1/2) A
dsin@=(m+1/2) A , m=0,1,2,...

* use ‘m’ to label the bright fringes
* m=0 is the bright fringe at 0=0
“central maximum”

Double Slit Interference

Figure 3.1 Young’s experiment

Intensity of Interference Pattern

net effect at point P is the superposition of two
waves

E(r,t) = E_sin(kr,-wt) + E sin(kr,-ot)
=>same wavelength and frequency but travel
different distances r, and r,=r,+ AL

E(r,t) = E_sin(kr-ot) + E_sin[k(r,+AL)-wt]
=E_ [sin(kr,-wt) + sin(kr;-ot+Ad)]
where Ap=k AL
sin(A)+sin(B) = 2 cos[(A-B)/2]sin[(A+B)/2]
E(r,t) = 2E, cos(A/2) sin(kr -cot+ Ad/2)|

Ap=k AL

AL=d sin0

18
Path length difference

E(r,t) = [2E cos(A$/2)] sin(kr-wt+ Ad/2)
A
Amplitude= 2E _ cos(Ad/2)

Intensity= (amplitude)?

Intensity of Interference Pattern

* Amplitude of electric field at P is
2E, cos(Ad/2)=2E cos(kd sin6/2)
. =2E, cos(nd sinO/1)
* intensity of field is the amplitude squared
* 1=1, cos?(nd sin0/A) where I,=4(E,)?

* 1=1, when ntd sin6/A=mmn => d sin@=mA
e I =0 when 1d sinb/A= (m+1/2)n
=> d sinO=(m+1/2)A

I=1,cos*(B) with/ = nd sin/A




Intensity of Double Slit

Intensity
At screcn

4y (iwo coherent sources)

XA 21, {iwo incoherent
.L LOUTEES)
; . ! . ! : 5 I —
57 43 3 2 ox 0 a P S dx Baf hlEucion)
2 1 0 1 2 wm, for maxina
2 1 1] L 1 2 mfur minima
25 2 15 1 05 0 05 1 15 2 95 Al
E=E, +E,

I=E2=E2+E,>+2E, E,
=1, +1, + “interference” <== vanishes if incoherent

Single Slit Diffraction

a1 Viewing
SCTELTE

G

Incicdent wave

Assume screen is far enough away that red rays
are parallel

Path difference between neighbouring rays is
z sin0

Total electric field due to r, and r, is
E(r,t)=E  [sin(kr;-wt) + sin(kr;-ot+k zrsinﬁ)
1

L

Path length difference

Single Slit
E(r,t)=E ,[sin(kr,-ot) + sin(kr;-ot+k z sin0)]

where rangeonzis 0<z<a

E(rt)=E, af[) sin(kr;-wt+k z sin0) dz
= - (E,, /ksin0) cos(kr,-ot+k z sinf) a|0

= (E,, /ksin0) [cos(kr;-wt)- cos(kr;-wt+k a sin0)]
=[2(E,, /ksin0)sin(kasin0/2)]sin(kr;-wt+kasin6/2)

)

amplitude

Single Slit

Amplitude =[2(E,, /ksinO)sin(kasin0/2)]
=[2(Ea /kasinO)sin(kasin0/2)]

. = (Ea)sin(a)/a
* where o = kasin0/2 = masin6/A
. I =1, (sin(a)/c)?

 where I,= (E,a)? is the maximum intensity

* note: lim sin(a)/a=>1
a=>0

* intensity is maximum at 0=10

Single Slit

I =1, (sin(®)/x)?> = 0 when ¢= mn= Tasin0/A
asinO = mA for a dark fringe ( m#0)

note : m=0 is a maximum!

where are the other maxima?

maximize sin(«)/a with respect to o

(d/de) [sin(a)/o | = cos(a)/o. - sin(e)/o2 =0

or « =tan(o) => o =0 is a solution

plot o and tan(« ) versus o and look for

intersections




67-6 Double-Slit Diffraction

T

Young’s slits a<<A
=>interference pattern
from two point sources
separated by ‘d’

Single slit d=0
==> diffraction pattern _{

Intensity
. I=1, (sino/e)? (cosp)?
. diffraction and interference
. o« =kasin(0)2  B=kd sin(0)/2

limit a=>0 I=I, (cosP)? Young’s slits

limit d=>0 I=1, (sina/e)? Single slit

note: /P =a/d

Relative|intensity

/B ~1/10

Diffraction envelope

cos?(P) term oscillates
under the envelope

& 0 B
8 (degrees)

Diffraction Grating
sina, sin(NpB)
si

E(r,t)=(E, ) sinfkr —ot+o + (N -1)B]

I I, sina ., sin NP

_ 2 _
N2 a Sin B ) ]0 (NEma)2

e N=1 => [=], (sina/e)? single slit diffraction
e N=2 => [=[(sina/a)*(cosf)? double slit diffraction
* For N narrow slits a=>0, sin Nf ,
2 ( )?
N sin 3

Diffraction Grating
I 1, sinNB .,
N? " sinf

B=kd sin(0)/2

« at 0=0, we have p=0 and I=I=(NE, a)’
* limit =>0 sinNB/sinf =N
» calculus: I’hopital’s rule for 0/0

« take derivative of numerator and divide by
derivative of denominator

e = limit f=>0 N cos(NB)/cosp =N
* let’s plot I for N=3,4,5,...




narrowslitsa<<d Diffraction Gratings

|
wr0

3 2 M 1 2 :ﬂl
SN

Tl » As N increases, the pattern changes to narrow
maxima separated by wide dark regions

« slits of a grating are called “rulings”
* if W= total width of N rulings, then d=W/N
* can be used to determine the wavelength of light

laser taiar: * the narrow maxima are called “lines”

Width of brightest fringes is decreasing . d sin® =mA gives location of m™ order line

Transverse Doppler Effect

DOpplCI’ Effect for Light * In the previous cases, the source and detector are
moving along the same line < s d—

S v P
—

* For source and detector separating
o f=1, (1-B)?/(1+B)"> red shift A> A,

* For source and detector approaching b

f=f, (1+B)2/(1-B)?  blue shift A< A, * at point P, v is perpendicular to PD

+ for sound emitted at P, there is no Doppler shift at D

if light is emitted, there is a Doppler shift
f=1,(1-p?»">=1/y transverse Doppler effect

Modern Physics Modern Physics
* 1905 Einstein proposed: * h plays a similar role to ¢ in relativity
* when an atom emits or absorbs light, energy * ifc > o then no relativity! v/c <<l always
* is not transferred in a smooth continuous => signals transmitted instantaneously
fashion but rather in discrete “packets” or
“lumps” of energy e ifh—> 0 then no quantum mechanics
* “photons” have energy EZhf «_ Frequency =>no stable atoms!
c=Af
Planck’s constant
h=6.63x1034 J.s




Photoelectric Effect
» Hence we need hf> ® to just escape
* thatis > ®/h=f
¢ Einstein: K, = (hf- ®) ifno other
=eV,,, losses of energy
are involved

* Vo =(h/e) - (@ /&) = (We)( f- 1)

Vst

P «*

/ Different metals
f, f

Slope =h/e is independent of the metal!

stop

Compton Scattering

“loosely” bound electrons in Carbon are ejected and
the x-rays are scattered
A=A =(h/m.c) (1 - cosd)
“tightly” bound electrons are not ejected

=> photon interacts with entire carbon atom
mass ~ 22,000 m, => AA reduced by this factor

A
-EL-.’ %

Intensity
Intensity

LY

p —

"
70
Wavelengh (pm) Wavelength (pm)

Electrons and Matter Waves
Light is a wave but can transfer energy and
momentum to matter in “photon” sized lumps
can a particle have the same properties?
can it behave as a wave?

“a matter wave”
de Broglie (1924) suggested A=h/p

“de Broglie wavelength”
a beam of electrons has a wavelength and should
diffract if “slit width” comparable to A=h/p
1927 Davisson and Germer observed diffraction
of electrons from crystals

What is Waving?

If particles behave as waves, what is waving?
Wave on a string => particles in string execute SHM
sound wave in air => air molecules oscillate in SHM

light wave => electric and magnetic fields oscillate

e.g. E(x,y,zt) electric field varies from place to
place and with time

intensity o< |E|?

what varies from place to place for a matter wave?

99

Wave function ¥(x,y,z,t) “psi

Schrodinger’s Quantum
Mechanics
* Probability waves are described by a wave
function P(x,y,z,t)

* Schrodinger adopted de Broglie’s equations
« A=hip
« f=Eh
* non-relativistic energy is
e E=mc®+p’2m +V

a X AN
KE. P.E.

wavelength of a particle

frequency of a particle

Rest energy

Schrodinger Equation

d*Y 8n’m
+ E-TYY¥Y=0
dx* h* ( )

+ Schrédinger Equation 1926

* P(x,t) is a solution of this equation

+ the wave equation for matter waves




A

Atoms

» Confined matter waves are standing waves
* 1926 Quantum mechanics was developed

« explained the structure of atoms and
molecules
* electrons, protons treated as matter waves

* produce standing wave patterns

Atoms

P(x,t)= |A'|? sin’(kx) => need P(L,t)=0
kL =2m/A)L =nm => A= (2L)/n “standing waves”

only certain A => only certainp = ;g5
Es

800

p=h/A =nh/2L |
@ SO0 ——— Eq

E,=p%2m =h2n%/8mL? n=123,. & [

P(x,t)= |A'|? sin’(nmx/L) = [, (x)?

- L + n=2
n=1
U'% "J-'%
1
0 50 w0 % 50 100
X (pm) x (pm) woonl
L Es
n=3 n=15 ool
q-g :gr%s § 600~ E
% 50 w00 % 50 10!
X (pm) X (pm)
L. L -
7] n=t No longer a node
£ =298y at x=0 and x=L
1 PR, L 1 X
50 [+] 50 100 150
x(pm) Electron has small
_— probability of
penetrating the walls
v5
_// Q: .68V
! X
Tt Area under each
W Ey=2450V X
J \‘; curve is 1
L X

oscillation Exponential decay

Electron in a Finite Well

— Epol < oo

J

L
* Only 3 levels with E<E_
* states with energies E > E , are not confined
* all energies for E > E  are allowed since the
electron has enough kinetic energy to escape to
infinity

W
il
Al Fp..
S S T
- % T—
o &
(@) R+T=1
e
=4
cd
£
£
m

£=
a

10



Tunneling

Transmission coefficient T =16(E/U)(1-E/U) e
k={8n’m(U-E)/h?*}'”? Note: E<U

if T=.02 then for every 1000 electrons hitting the
barrier, about 20 will tunnel

extremely sensitive to L and k

width and height of barrier

Hydrogen Atom

* E, = -(me*/8¢,°h?)(1/n?)

« E,=-13.6eV/n> n=1,2,3,...

« ground state has E, =-13.6eV

* ionization energy is 0- E, = 13.6eV
=> energy needed to remove electron

E, =-(13.6/4)eV

* electron must absorb a photon of energy
hf=E, - E, =hc/A = (3/4)(13.6eV)

« excited state: n=2

1 (e)-e
L@,
4ne, r
3
GO0 400 200 w 200 400 600
r(pm} 1 1 1 L 1 1 1 1 1 L L L r:’pm)
7 Grou E,=-13.6eV
—0)
30
E,=-13.6eV/n> n=1,2.3,...
Series Series  Series
cries__ Berles_ Serkes
° :
| series
- . 55 I S A SES—
-40 B E,-E,=13.6eV ( 1/4-1/n?)
- = hf = he/A
g 0 Apa=hc/(13.6eV)(5/36)
g 8.0 ~ 658 nm
. =>4 lines visible
e E,-E, = 13.6eV (1-1/n)
v =hf=hc/A

-14.0 Lyman series

A, =hc/(13.6eV)(.75)

~ 122 nm

Quantum Theory of Atoms

For a particle in a cubic or rectangular box, Cartesian coordinates
are more appropriate and there are three quantum numbers
(n;,n,,n;) needed to label a quantum state

similarly in spherical coordinates, there are also three quantum
numbers needed

=01 2, ...,n-1 => n values of | for a given value of n
m=-I,(-I+1),...0,1,2,....1 => 2I+1 values of m for a given |
n is the principal quantum number and is associated with the
distance r of an electron from the nucleus
1 is the orbital quantum number and the angular momentum of the
electron is given by  L=[/(/+1)]"*h
m is the magnetic quantum number and the component of the
angular momentum along the z-axisis L,=mh

Quantum Theory of Atoms

The fact that both / and m are restricted to

certain values is due to boundary conditions

in the figure, /=2 is shown
hence L=(2(2+1))"2h = h(6)'2
and m=-2,-1,0,1,2

the Schrddinger equation can be solved
exactly for hydrogen

the energies are the same as in the Bohr

theory E,=-Z%(13.6 eV)/n?

they do not depend on the value of / and m

this is a special property of an inverse-square law force

11



* The lowest energy has n=1 s P D F G Energy, eV
=>[=0 and m=0 . 2 e e
« the second lowest energy has  * T -085
n=2=>[=0, m=0 ’ e
=1, m=-1,0,1 s i
* hence 4 states!
* Notation: /=0 S-state
. I=1 P-state
. [=2 D-state
. [=3 F-state
. =4 G-state / |
N
Periodic Table

* Atoms with more than one electron cannot be solved exactly

 assume the Z electrons do not interact with one another but rather
only see the nucleus with charge +Z

« the state of each electron is described by four quantum numbers

e n,[,mandm,

e the fourth number, m; ==*1/2 is the spin quantum number

« 1=0,1,2,3,4,5, ... correspond to

. spdfgh

« Pauli principle: no two electrons can have the same set of values

of n, [,mand m,

* eg. Hydrogen (Z=1) has only one electron
* lowest energy state has n=1 =>1=0 =>m=0 and m, =+1/2

X-ray spectrum

+ Ifelectron loses all its energy, eV, = hf,,,, =hc/A
* Ay is independent of the material and depends only on KE of electrons
+ note that if h=0, then A _; =hc/eV, ., would be zero!

« the peaks at larger A depend on the material

« arise when the incident electron knocks out an inner electron

« this leaves a hole in an inner shell which is filled by an outer electron with
the emission of an x-ray photon

Ky
0 H
; {
5 j -
- 2
e | |
g H
f
|
g I\ |
T Y pal
20T Efn=1 =
Ky Kﬂ ‘F d 30 40 50 60 70 80 80
4803 Wavelengih (pm)

Note K, Kg lines “ann

* Is state
2.5
Pd o’Ag

2.0
o
LS : 3
- Ni I
= 8
2 T
e =3
L*; 1.0 2
0-5 h 40—11=29 &

%o 10 20 30 40 50

Number of the element in the periodic table

Lasers
« Light amplification by stimulated emission
of radiation

» produces a beam of coherent photons by
stimulated emission
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Ruby Laser

Relaxation

Nonradiative

transitions
u Metastable £,

Green
states
Bl

o Laser
V1 1=Photon
L Absorption 694.3nm

Stimulated

emission

Ground

state  ©1

0
Normally all atoms are in the ground state E;

For the laser to work, we need more atoms in an excited state
--> called population inversion
Optical pumping is used to excite electrons to higher levels
which then relax to the state E,

13



