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Nontrivial order preserving automorphisms of
non-Archimedean fields

Khodr Shamseddine

ABSTRACT. A study of order preserving field automorphisms of ordered non-
Archimedean field extensions of R will be presented. We show that, while the
identity map is the only field automorphism of R, infinitely many nontrivial
order preserving field automorphisms can be constructed on an ordered non-
Archimedean field extension F' of R. Moreover, we show that if P is an order
preserving field automorphism of F then P(r) ~ r for all r # 0 in R C
F; and invoking the axiom of choice, we construct an order preserving field
automorphism P of F satisfying P(r) # r for infinitely many r € R.

1. Introduction

We start this section by reviewing some basic terminology and facts about non-
Archimedean fields. So let F' be an ordered non-Archimedean field extension of R.
We introduce the following terminology.

DEFINITION 1.1 (~, =, <, Sp, A). For o,y € F* := F \ {0}, we say = ~ y if
there exist n,m € N such that n|z| > |y| and m|y| > |z|, where | - | denotes the
usual absolute value on F":

x ifx>0
2l =9 _,

if z <0.

For nonnegative x,y € F, we say that z is infinitely smaller than y and write z < y
if ne <y for all n € N, and we say that z is infinitely small if # < 1 and =z is finite
if x ~ 1; finally, we say that = is approximately equal to y and write z ~ y if x ~ y
and |z —y| < |z|. We also set A(x) = [z], the class of z under the equivalence
relation ~.

The set of equivalence classes Sp (under the relation ~) is naturally endowed
with an addition via [z] + [y] = [x - y] and an order via [z] < [y] if |y| < |z| (or
|z] > |y|), both of which are readily checked to be well-defined. It follows that
(SF,+,<) is an ordered group, often referred to as the Hahn group or skeleton
group, whose neutral element is [1], the class of 1. It follows from the above that
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218 KHODR SHAMSEDDINE

the projection A from F* to Sg is a valuation. Throughout this paper, the ordered
group (Sg,+, <) will be simply denoted by Sg.

The theorem of Hahn [2] provides a complete classification of non-Archimedean
extensions of R in terms of their skeleton groups. In fact, invoking the axiom of
choice it is shown that the elements of any such field F' can be written as for-
mal power series over its skeleton group Sg with real coefficients, and the set of
appearing exponents forms a well-ordered subset of Sp.

From general properties of formal power series fields [6, 8], it follows that if
SF is divisible then F is real closed; that is, every positive element of F' is a square
in F' and every polynomial of odd degree over F' has at least one root in F. For a
general overview of the algebraic properties of formal power series fields, we refer to
the comprehensive overview by Ribenboim [9], and for an overview of the related
valuation theory the book by Krull [3]. A thorough and complete treatment of
ordered structures can also be found in [7].

Our research [12, 10, 13, 14, 20, 15, 16, 21, 17, 18, 19, 11] has been
focused on the study of any ordered non-Archimedean field extension of R that is
complete in the order topology and whose skeleton group is Archimedean, i.e. a
subgroup of R. The smallest such field is the field L of the formal Laurent series
whose skeleton group is Z; and the smallest such field that is also real closed is
the Levi-Civita field R, first introduced in [4, 5]. In this case, Sg = Q. We recall
here that the elements of R are functions from Q to R with left-finite supports, i.e.
below any rational bound r there are only finitely many points where the function
does not vanish; given an element z € R and ¢ € Q, then the value of z (as a
function from Q to R) at ¢ is denoted by z[¢q]. The infinitely small and positive
number d is defined by d[1] =1 and d[g] = 0 for ¢ # 1. For all x € R, the elements
of the support of x can be arranged in ascending order, say supp(z) = {q1,¢2,...}
with ¢; < g;j41 for all j; and x can be written as ¢ = 2;11 x[g;]d% , where the
series converges in the topology induced by the order [1] and where for z # 0

x> 01if z[g1] > 0 and = < 0 if z[¢1] < 0.

The Levi-Civita field R is of particular interest because of its practical use-
fulness. Since the supports of the elements of R are left-finite, it is possible to
represent these numbers on a computer [1]. Having infinitely small numbers, the
errors in classical numerical methods can be made infinitely small and hence ir-
relevant in all practical applications. One such application is the computation of
derivatives of real functions representable on a computer [12], where both the ac-
curacy of formula manipulators and the speed of classical numerical methods are
achieved.

In the next two sections, we prove general results about skeleton groups and
field automorphisms which will be useful for understanding the structure of non-
Archimedean fields. We show that if F' is an ordered non-Archimedean field exten-
sion of R and if P is an order preserving filed automorphism of F' then P induces
an order preserving group automorphism on Sg, the skeleton group of F'. We also
show that we can construct infinitely many nontrivial order preserving field auto-
morphisms of F', all of which have to satisfy the property P(r) ~ r for all » # 0 in
R C F; moreover, an order preserving field automorphism P can be defined on F
so that P(r) # r for uncountably many r € R.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



NONTRIVIAL AUTOMORPHISMS OF NON-ARCHIMEDEAN FIELDS 219

2. Skeleton Groups

In this section we classify ordered fields based on the size and the properties of
their skeleton groups.

DEFINITION 2.1. Let F' be an ordered field. Then we say that F' is non-
Archimedean if the skeleton group S of F' contains more than one element.

As mentioned in the introduction, the skeleton groups of L and R are, respec-
tively, S = Z and Sz = Q; and hence L and R are non-Archimedean. How-
ever, R is not non-Archimedean (it is Archimedean) since its skeleton group is
Sr = {0} = {[1]}; and this is of course one of the defining properties of R.

PROPOSITION 2.2. Let F' be an ordered non-Archimedean field. Then Z C Sp.

PROOF. Since F' is non-Archimedean, there exists an element d € F™* such that
[d] # 0 = [1]. Since [d] = [—d], we may assume that d > 0. Since —[d] = [d~!] € S,
we may assume that [d] > 0, i.e. that d is infinitely small. Consider the subset
Zp ={[d"] : n € Z} of Sp. For m > n, we have that

—ld" 4] = A" =" = (dd- ... - d]
(m—n) times
= ld+[d+--+1d
(m—n) times
> 0.
Thus, m # n = [d™] # [d"] for all m,n € Z. The map P : Zr — Z given by
P([d"]) =n
is an order preserving isomorphism; that is,

(1) P is a bijection,
(2) for all m,n € Z, we have that

P(ld™] +[d"]) = P([d™]) + P((d"]),

and
(3) for all m,n € Z,

[d"] <[d"] & P([d™]) < P([d"]).
Thus, Z is isomorphic to a subset of Sg, or simply Z C Sp. |

PROPOSITION 2.3. Let F be an ordered non-Archimedean field which admits
roots of positive elements. Then Q C Sp.

PrOOF. Let d € F* be as in the proof of Proposition 2.2. Let ¢ > 0 in Q
be given; write ¢ = m/n where m,n € N. Thus, [d"] > 0. Using the fact that
[d™] = [d™?] = [d] 4 [d] + -+ [d?], we obtain that [d?] > 0. In particular,

n times
4] 0.
Now let g1 # g2 be given in Q. We may assume that ¢ > ¢;. Then g3 —q1 > 0,
and hence
_[dlh} + [dqz} — [d*ql] + [dQ2] — [dlhﬂh] > 0.
Thus, g1 # g2 = [d"'] # [d®].
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Let QF = {[d?] : ¢ € Q}. Then Qp is a subgroup of Sg, and the map P :
Qr — Q, given by

(2.1) P([d?]) = q,
is an order preserving group isomorphism from Qg onto Q. O

REMARK 2.4. Let F' and Qr be as in Proposition 2.3. If we define X : Qp X
Qr — Qr by
[dth} X [dQ2] — [dq1'q2]
then (Qr,+, X, <) is an ordered field, and the map P given in Equation (2.1) is a
field isomorphism of Qg onto Q.

3. Field Automorphisms

DEFINITION 3.1. Let F be a field. Then we say that P is an automorphism of
F if P is an isomorphism from F' onto itself.

LEMMA 3.2. Let S and T be fields, and let P : S — T be a field isomorphism.
Then P has an inverse P~1 : T — S which is itself a field isomorphism from T
onto S.

PROOF. Since P is a bijection, P~! exists and it is a bijection. Let +g and
+7 denote the addition operations in S and T, respectively; and let xg and X
denote the operations of multiplication in .S and T, respectively. Now let yq,y2 € T
be given, and let z; = P71(y;) and 3 = P71(y2). Then

PN yi+ry2) = P71 (P(x1) +r P(z2))
P~! (P(21 45 22)) since P is an isomorphism
= @1 +sx2 =P () +s P (y2),

and
P~y xry2) = P7H(P(x1) x7 P(22))
= P ' (P(x; xgx2)) since P is an isomorphism
= 11 Xg T =P (y1) x5 P~ (1)
Thus, P! is a field isomorphism from T onto S. ([

PROPOSITION 3.3. Let S and T be ordered fields, and let P : S — T be an order
preserving field isomorphism. Then P~! is an order preserving field isomorphism
from T onto S.

ProOF. Using Lemma 3.2, it remains to show that P~ : T — S is order
preserving. Let <g and <t denote the order relations in S and T, respectively;
let y1,y2 € T be such that y; <7 y2; and let z; = P~ 1(y;) and z2 = P~ 1(y2).
We need to show that x; <g z5. Suppose not; then zo <g x1. Since P is order
preserving, we obtain that yo = P(xz2) <7 P(z1) = y1, a contradiction. O

LEMMA 3.4. Let F be an ordered field, and let P : F — F be an automorphism
of F. Then P(q) = q for all g € Q.
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PROOF. Since F' is an ordered field, Q C F. For any = € F, we have that
P(z) = P(0+ z) = P(0) + P(x); and hence P(0) = 0. Since P is one-to-one, it
follows that P(z) # 0 for all  # 0 in F. Thus, from P(1) = P(1-1) = P(1)- P(1),
we obtain that P(1) = 1. Using induction and the fact that P(I+1) = P(I)+P(1) =
P(l) 41 for all ] € N, we then readily obtain that P(n) = n for all n € N.

Now let ¢ > 0 in Q be given; then ¢ = m/n for some m,n € N. Thus, m =n-q.
It follows that

P(m) = P(n) - P(q).
from which we get that m = n - P(q). Hence P(q) =m/n = q.

Finally, let ¢ < 0 in Q be given; then —g > 0. Thus, P(—¢q) = —¢. Since
0= P(0) = P(—q+q) = P(—q) + P(q), it follows that P(q) = —P(—q) = q. Hence
P(q) =q for all ¢ € Q. O

COROLLARY 3.5. The identity map is the only field automorphism of Q.

THEOREM 3.6. Let F' be an ordered Archimedean field. Then the identity map
is the only order preserving field automorphism of F.

PROOF. Assume not. Then there exists a nontrivial order preserving field
automorphism P of F. Thus, there exists € F \ Q such that P(x) # z. By
Proposition 3.3, P! is also an order preserving field automorphism of F, and
P~l(x) # P~Y(P(z)) = x. If P(z) < z, then x = P~Y(P(x)) < P7!(z). So we
may assume without loss of generality that < P(z).

Since F' is an ordered Archimedean field, there exists ¢ € Q C F such that

(3.1) x < q< P(x).
Applying P to the first inequality in (3.1) and using Lemma 3.4 and the fact
P is order preserving, we obtain that P(z) < P(q) = ¢, which contradicts the

second inequality in (3.1). Hence the identity map is the only order preserving field
automorphism of F'. O

LEMMA 3.7. Let F be an ordered field which admits roots of positive elements,
and let P be a field automorphism of F. Then P is order preserving.

Proor. It suffices to show that P(a) > 0 for alla > 0in F; so let a > 0in F
be given. Let b > 0 in F be such that b?> = a. Hence

P(a) = P(b*) = (P(b)* > 0.
Since a # 0 and since P is one-to-one, we obtain that P(a) # 0. Thus, P(a) > 0. O

Combining the results of Theorem 3.6 and Lemma 3.7, we obtain the following
result.

COROLLARY 3.8. The identity map is the only field automorphism of R.

PrOPOSITION 3.9. Let F be an ordered non-Archimedean field, let Sp be the
skeleton group of F, and let P be an order preserving field automorphism of F.
Then the map T : Sp — Sp, given by T'([z]) = [P(z)], is a well-defined order
preserving group automorphism of Sg.

PROOF. Let € F* be given; then P(x) # 0. If x < 0, then P(z) < 0 and
hence P(|z|) = P(—z) = —P(z) = |P(z)|. On the other hand, if 0 < z, then
0 < P(x) and hence P(|z|) = P(z) = |P(x)|. So for all x € F*, P(|z|) = |P(x)|.
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To show that I' is a well-defined map, we need to show that

[z] = [y] = [P(x)] = [P(y)).

So let z,y € F* be such that [x] = [y]. Then there exist m,n € N such that
ly] <m - |z| and |z| < n-|y|. Thus,
[P(y)| = P(lyl) < P(m - [z]) = P(m) - P(|z|) = m - |P(z)];
and similarly, we show that |P(z)| < n - |P(y)|. Hence [P(z)] = [P(y)].
Now we show that I is one to one. So let [z],[y] € Sr be such that I'([z]) =

I'([y]). Since [P(x)] = [P(y)], there exist k,I € N such that |P(y)| < k- |P(z)| and
|P(z)| <1-|P(y)|. From |P(y)| < k- |P(x)| we obtain that

P(ly|) < P(k) - P(|z]) = P(k - |z]); and hence |y| < k - |z]|.

Similarly, |P(z)| < - |P(y)| entails that |z| <! |y|. Hence [z] = [y].

To show that I" is onto, let [y] € Sp be given. We need to find [x] € S such
that [y] = I'([z]). Since P is onto, there exists z € F such that y = P(z). Since
y # 0, we have also that = # 0. Hence [z] € Sr and I'([z]) = [P(x)] = [y]-

For any [z], [y] € Sr, we have that

U] + ) = T(z-y)) =[Pz -y)] = [P(z)- P(y)]
[P(2)] + [P(y)] = T([2]) + T'([y])

It remains to show that I' preserves order in Sp. So let [z], [y] € SF be such
that [z] < [y]; then for all n € N, n - |y| < |z|. It follows that

n-|P(y)| = P(n)- P(ly) = P(n - [y|) < P(|x|) = [P(z)] for all n € N.
Thus, [P(z)] < [P(y)]; and hence I'([z]) < T'([y]). O

COROLLARY 3.10. Let F', P, and T be as in Proposition 3.9. Define A : Sp —
Sr by A([x]) = [P~1(x)]. Then A is an order preserving group automorphism of
Spg, and A =T"1.

COROLLARY 3.11. Let F' be an ordered non-Archimedean field extension of R,

and let P be an order preserving field automorphism of F. Then, for all r € R*,
P(r)y=r.

PRrROOF. Let r € R* be given; then [r] = [1] = 0. Hence, by Proposition 3.9, we
have that [P(r)] = [P(1)] = [1] = 0. That is, P(r) ~r ~ 1.

If P(r) = r then we are done. Assume P(r) # r (hence r ¢ Q); then P(r) —r #
0. Since [P(r)] = [r] = 0, we have that [P(r) —r] > 0. It suffices to show that
[P(r) —r] > 0. Assume to the contrary that [P(r) —r] = 0. Thus, there is ¢ € Q
such that ¢ is (strictly) between r and P(r). It follows that either

(3.2) r<gq<P(r)
(3.3) Pry<g<r.

Applying P to the first inequality in (3.2) [resp. the second inequality in (3.3)], we
obtain that P(r) < P(q) = ¢ [resp. P(q) = ¢ < P(r)], which contradicts the second
inequality in (3.2) [resp. the first inequality in (3.3)]. Thus, [P(r) —r] > 0; and
hence P(r) ~r. O
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COROLLARY 3.12. Let P be an order preserving field automorphism of L. Then,
for all x € L*, [P(x)] = [z] i.e. P(x)~=x

ProOOF. By Proposition 3.9, the map I : S, = Z — Z, given by I'([z]) =
[P(x)], is an order preserving group automorphism of Z = Si. We need to show
that I' = I, the identity map on Z. By Proposition 3.9, we have that

(3.4) [x] =[] = [P(z)]=[P(y)]and [P~} (z)] = [P~ (y)]; and
(3.5) [z] <[y = [P(x)]<[P(y)]and [P~} (z)] < [P~ (y)].

We first recall that

(3.6) r)=r)) =[prm)]=[1]=o0.

Let d be the L number representing the monomial of degree 1. Since [d] =1 > 0=
[1], we have by Equation (3.5) that

[P(d)] > [P(1)] = [1] = 0 and [P7(d)] > [P7'(1)] = [1] = 0.

Since d > 0, it follows that P(d) > 0 and P~1(d) > 0. If P(d) = d, then [P(d)] =
[d. If d < P(d), then [P(d)] < [d], and hence 0 < [P(d)] < 1. Since [P(d)] is

an integer, it follows [P(d)] = 1 = [d ] If P(d) < d, then d < P~!(d). Thus,

0 < [P71(d)] < [d] =1 and hence [P~!(d)] = 1 = [d]. Using Equation (3.4), we

then obtain that [P(P~1(d))] = [P(d)], and hence [P(d)] = [d] = 1. Thus,
ra)=1.

Now let n € N be given. Then
I(n) = T(d"]) =T(d-d...-d)=T(d+[d+---+[d])
n times n times
= T(d)+T(d)+-+T(d) =1+1+---+1
n times n times

Finally, let n € Z~ be given; then —n € N. Since I'(—n) + I'(n) = T'(—n +n) =
I'(0) = 0, it follows that

I'(n) = -I'(—n) = —(—n) =n.
Therefore, I'(n) = n for all n € Z; and hence I' = I. O

EXAMPLE 3.13. Define P : L — L as follows: for x € L, write x = 7, o, - apd®

and set P(x) =35, 2FapdF, where k, = [z]. Then P is an order preserving field
automorphism of L.

EXAMPLE 3.14. Define P : R — R as follows: For € R, write supp(z) = {g; :
J€N,gj, < gy, if j1 < jo}; then z = 37, ya;d% where a; = z[g;]. Set P(z) =
> jeN ajd?’qf. Then P is a field automorphism of R, which is order preserving by
Lemma 3.7.

REMARK 3.15. Note that, in Example 3.14, P(d) = d® # d, in contrast with
Corollary 3.12 and Example 3.13.

By Lemma 3.7 and Corollary 3.11, we have that P(r) ~ r for any field auto-
morphism P of R and for any r € R*. The following example shows that there
exist (uncountably many order preserving) field automorphisms of R which do not
preserve every real number.
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EXAMPLE 3.16. Let S be a transcendence basis for R/Q; and let Q(.S) denote
the field generated by adjoining the elements of S to Q, quipped with the same
order as that of R. Then

S is uncountable;

Q(5) is the smallest field that contains Q and S;

R is an algebraic extension of Q(S); and

R is the real closure of Q(S5).

Let

R = {:1: ER:z= Z andi™ with a,, € Q(S) for all n} .
neN

Then R; is a subfield of R; R is an algebraic extension of R and R is the real

closure of Ri. We define a map P; : Ry — R as follows. For all ¢ € Q, let

Pi(q) = q. Given r € Q(S), then there exist m,n € N and there exist r1,...,7,

and $1,...,8, in S such that r is the quotient of two polynomials Q1 (r1,...,7m)
and Q2(s1,- .., 8,) with coefficients in Q. That is,
= Ql(Tla .. 'a’rm)
Q2(51,- -+, 8n)
Let

dy...,rm+d
P = St d T )
Q2(s1+d,...,8, +d)
Having defined P (r) for all » € Q(S), let now x € Ry be given. Then
x = Zajd‘“ where a; € Q(S) for all j € N;
JEN

let
Pl(.’lf) = Z Pl(aj)dqj.
JEN
It follows that P; is an order preserving field automorphism of R;.
Since R is the real closure of R, we can extend P; to an order preserving
automorphism P of R. Thus,

Pry=Pi(r)=r+d#rforallre ScCR.

REMARK 3.17. As in Example 3.16, one can in a similar way construct a non-
trivial order preserving filed automorphism of any non-Archimedean field extension
of R, that does not preserve every real number.
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