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Abstract—In this paper, we develop a theory of integrable delta functions on the Levi-Civita field R
as well as on R? and R? with similar properties to the one-dimensional, two-dimensional and three-
dimensional Dirac Delta functions and which reduce to them when restricted to points in R, R?
and R3, respectively. First we review the recently developed Lebesgue-like measure and integration
theory over R, R? and R3. Then we introduce delta functions on R, R? and R? that are integrable
in the context of the aforementioned integration theory; and we study their properties and some
applications.
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1. INTRODUCTION

In various branches of physics, one encounters sources which are nearly instantaneous (if time is
the independent variable) or almost localized (if the independent variable is a space coordinate). To
avoid the cumbersome studies of the detailed functional dependencies of such sources, one would like
to replace them with idealized sources that are truly instantaneous or localized. Typical examples of
such sources are the concentrated forces and moments in solid mechanics, the point masses in the
theory of the gravitational potential, and the point charges in electrostatics. The field of real numbers
R does not permit a direct representation of the (improper) delta functions used for the description
of impulsive (instantaneous) or concentrated (localized) sources. Of course, within the framework of
distributions, these concepts can be accounted forin a rigorous fashion, but at the expense of the intuitive
interpretation.

The existence of infinitely small numbers and infinitely large numbers in the non-Archimedean Levi-
Civita field R allows us to have well-behaved delta functions. For example, the function § : R — R, given
by §(z) = 3d=3 (d? — 2?) if || < d and 0 otherwise, where d is a positive infinitely small number, is
a (one-dimensional) continuous (and piece-wise infinitely differentiable) delta function; it assumes an
infinitely large value (3/4d~1') at 0, it vanishes at all other real points and its integral is equal to one.

We recall that the elements of the Levi-Civita field R and its complex counterpart € are functions
from Q to R and C, respectively, with left-finite support (denoted by supp). That is, below every rational
number ¢, there are only finitely many points where the given function does not vanish. For the further
discussion, it is convenient to introduce the following terminology.
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ON INTEGRABLE DELTA FUNCTIONS 33

Definition 1.1. (A, ~, =, =,) Forx # 0in R or C, we let \(x) = min(supp(x)), which exists because
of the left-finiteness of supp(z); and we let \(0) = +o00. Moreover, we denote the value of x at
q € Qwith brackets like x[q|.

Given x,y # 0 in R or C, we say x ~y if AN(z) = Ny); and we say x =~y if AN(z) = \(y) and
z[A(z)] = y[A(y)). Finally, for any q € Q, we say x =4 y if x[p| = y[p] for allp < q in Q.

At this point, these definitions may feel somewhat arbitrary; but after having introduced an order
on R, we will see that A\ describes orders of magnitude, the relation ~ corresponds to agreement up to
infinitely small relative error, while ~ corresponds to agreement of order of magnitude.

The sets R and € are endowed with formal power series multiplication and componentwise addition,
which make them into fields [6, 9] in which we can isomorphically embed R and C (respectively) as
subfields via the map IT : R, C — R, € defined by

H(w)[q]{x =0 (1.1)

0 else

Definition 1.2. (Orderin R) Let x,y € R be given. Then we say that x >y (ory < x) if x # y and
(x —y)[Mz—y)] >0;andwesayx >y (ory < x)ifx =yorx>y.

[t follows that the relation > (or <) defines a total order on R which makes it into an ordered field.
Note that, given a < b in R, we define the R-interval [a,b] = {x € R : a < x < b}, with the obvious
adjustments in the definitions of the intervals [a,b), (a,b], and (a,b). Moreover, the embedding II in
Equation (1.1) of R into R is compatible with the order.

The order leads to the definition of an ordinary absolute value on R:

ifz>0
mmax{x,m}{x he=

—x ifz <0

which induces the same topology on R (called the order topology or valuation topology) as that induced
by the ultrametric absolute value:
e M) i #£0
|| =

0 ifx =0,
as was shown in [13]. Moreover, two corresponding absolute values are defined on € in the natural way:
|z +iy| = V22 + y2; and |z + iyly = e ) = max{|z],, [y|.}-

Thus, € is topologically isomorphic to R? provided with the product topology induced by |-| (or |-|,,) in R.

We note in passing here that ||, is a non-Archimedean valuation on R (resp. €); that is, it satisfies
the following properties

1. |v|, > 0forallv € R(resp.v € €)and |v|, = 0if and only if v = 0;
2. Jow|y = |v|y|wly, for all v,w € R (resp. v,w € C); and
3. v+ wl|y < max{|v|y,|w|,} forallv,w € R (resp. v,w € C): the strong triangle inequality.

Thus, (R, |- |,) and (€, | - |,) are non-Archimedean valued fields.

Besides the usual order relations on R, some other notations are convenient.
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34 FLYNN, SHAMSEDDINE

Definition 1.3. (<,>) Let xz,y € R be non-negative. We say x is infinitely smaller than y (and
write x K y) if nx <y for all n € N; we say x is infinitely larger than y (and write x> vy) if
y <L x Ifr <1, wesay xis infinitely small; if x > 1, we say x is infinitely large. Infinitely small
numbers are also called infinitesimals or differentials. Infinitely large numbers are also called
infinite. Non-negative numbers that are neither infinitely small nor infinitely large are also called
finite.

Definition 1.4. (The Number d) Let d be the element of R given by d[1] = 1 and d[t] = 0 fort # 1.
Remark 1.5. Given m € Z, then d™ is the positive R-number given by

dd---d ifm>0
N 7

m times

d" = . .
1 ifm=0

o ifm <0

Moreover, given a rational number ¢ = m/n (with n € Nand m € Z), then d? is the positive nth
root of d™ in R (that is, (d?)™ = d™) and it is given by

1 ift=
=t Tt=a
0 otherwise

It is easy to check that d? < 1if ¢ > 0and d? > 1if ¢ < 0in Q. Moreover, for all x € R (resp.

C), the elements of supp(z) can be arranged in ascending order, say supp(z) = {q1,q2, ...} with
[e.e]

qj < qj+1 for all j; and x can be written as x = ) x[q;|d¥, where the series converges in the
=1
valuation topology.

Altogether, it follows that R (resp. €) is a non-Archimedean field extension of R (resp. C). For a
detailed study of these fields, we refer the reader to the survey paper [9] and the references therein. In
particular, it is shown that R and € are complete with respect to the natural (valuation) topology.

[t follows therefore that the fields R and € are just special cases of the class of fields discussed in
[5]. For a general overview of the algebraic properties of formal power series fields in general, we refer
the reader to the comprehensive overview by Ribenboim [4], and for an overview of the related valuation
theory to the books by Krull [2], Schikhof [5] and Alling [1]. A thorough and complete treatment of
ordered structures can also be found in [3].

Besides being the smallest ordered non-Archimedean field extension of the real numbers that is
both complete in the order topology and real closed, the Levi-Civita field R is of particular interest
because of its practical usefulness. Since the supports of the elements of R are left-finite, it is possible to
represent these numbers on a computer; and having infinitely small numbers in the field allows for many
computational applications. One such application is the computation of derivatives of real functions
representable on a computer [10], where both the accuracy of formula manipulators and the speed of
classical numerical methods are achieved.

2. MEASURE THEORY AND INTEGRATION ON R, R? AND R3

Using the nice smoothness properties of power series (see [7] and the references therein), we
developed a Lebesgue-like measure and integration theory on R in [8, 12] that uses the R-analytic
functions (functions given locally by power series- Definition 2.4) as the building blocks for measurable
functions instead of the step functions used in the real case. This was possible in particular because the
family 8(a, b) of analytic functions on a given interval I(a,b) C R (where I(a,b) denotes any one of the
intervals [a, b], (a, b], [a,b) or (a,b)) satisfies the following crucial properties.

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol. 10 No.1 2018
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1. 8(a,b) is an algebra that contains the identity function;

2. for all f € 8(a,b), f is Lipschitz on I(a,b) and there exists an anti-derivative F' of f in 8(a,b),
which is unique up to a constant;

3. forall differentiable f € 8(a, b), if f' = 0 on (a,b) then f is constant on I(a, b); moreover, if f* > 0
on (a,b) then f is nondecreasing on I(a, b).

Notation 2.1. Lef a < bin R be given. Then by l(I(a,b)) we will denote the length of the interval
I(a,b), that is
[(I(a,b)) = length of I(a,b) =b— a.

Definition 2.2. Let A C R be given. Then we say that A is measurable if for every € >0 in
R, there exist a sequence of mutually disjoint intervals (I,) and a sequence of mutually dis-

joint intervals (Jy,) such that \J I, CAC U Jn, Y U(I,) and Y .7, l(J,) converge in R, and
n=1

n=1 n=1

i::lzun) _ i:;lzun) <

Given a measurable set A, then for every k € N, we can select a sequence of mutually disjoint intervals
(I¥) and a sequence of mutually disjoint intervals (J%) such that >~ ¢ (I¥) and Y 1 (JF) converge in
n=1 n=1
R for all k,

Uric Ui cac i c | 7k and Zl(Jﬂf) —Zl([{j) < dt
n=1 n=1 n=1 n=1 n=1 n=1
for all £ € N. Since R is Cauchy-complete in the order topology, it follows that klim Sl (I,’j) and
—00

klim >° 1 (JF) both exist and they are equal. We call the common value of the limits the measure of A
— 00 n=1

and we denote it by m(A). Thus,
1 k) _ 1 k
m(4) = kli%o;l (I”) N klin;o;l (J”) ’
Contrary to the real case,

sup {Z I(I,) : I,,;’s are mutually disjoint intervals and U I, C A}
n=1

n=1

and

inf {Z 1(Jyn) = Jy’s are mutually disjoint intervals and A C U Jn}
n=1 n=1
need not exist for a given set A C R. However, as shown in [12], if A is measurable then both the
supremum and infimum exist and they are equal to m(A). This shows that the definition of measurable

sets in Definition 2.2 is a natural generalization of that of the Lebesgue measurable sets of real analysis
that corrects for the lack of suprema and infima in non-Archimedean ordered fields.

[t follows directly from the definition that m(A) > 0 for any measurable set A C R and that any
interval I(a,b) is measurable with measure m(I(a,b)) =1(I(a,b)) = b — a. It also follows that if A is

a countable union of mutually disjoint intervals (I,,(ay, by,)) such that >_ (b, — a,,) converges then A is
n=1
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measurable with m(A) = > (b, — a,,). Moreover, if B C A C R and if A and B are measurable, then
n=1

m(B) < m(A).

In[12] we show that the measure defined on R above has similar properties to those of the Lebesgue
measure on R. For example, we show that any subset of a measurable set of measure 0 is itsell
measurable and has measure 0. We also show that any countable unions of measurable sets whose
measures form a null sequence is measurable and the measure of the union is less than or equal to the
sum of the measures of the original sets; moreover, the measure of the union is equal to the sum of the
measures of the original sets if the latter are mutually disjoint. Furthermore, we show that any finite
intersection of measurable sets is also measurable and that the sum of the measures of two measurable
sets is equal to the sum of the measures of their union and intersection.

[t is worth noting that the complement of a measurable set in a measurable set need not be
measurable. For example, [0, 1] and [0, 1] N Q are both measurable with measures 1 and 0, respectively.
However, the complement of [0,1] N Q in [0, 1] is not measurable. On the other hand, if B ¢ A € R and
if A, Band A\ B are all measurable, then m(A) = m(B) + m(A\ B).

The example of [0,1] \ [0,1] N Q above shows that the axiom of choice is not needed here to
construct a nonmeasurable set, as there are many simple examples of nonmeasurable sets. Indeed, any
uncountable real subset of R, like [0, 1] N R for example, is not measurable.

Then we define in [12] a measurable function on a measurable set A C R using Definition 2.2 and
analytic functions (Definition 2.4 below).

Definition 2.3. A sequence (ay,):2 in R (or C) is said to be regular if the union of the supports of
all members of the sequence is a left-finite subset of Q.

Definition 2.4. Lef a < bin R be given and let f : I(a,b) — R. Then we say that f is analytic on
I(a,b)if forallx € 1(a,b) there exists a positive d ~ b— ain R, and there exists a regular sequence
(an (x))52 in R such that, under weak convergence,

Zan " forally € (x — 6,z +6) N I(a,b).

Definition 2.5. Lef a < bin R be given and let f : I(a,b) — R be analytic. Then there is a rational
number i(f) called the index of f and defined by

i(f) ;== min{\(f(x))|z € I(a,b)}.
It is shown in [13] that the above minimum must exist and that \(f(z)) = i(f) for almost every
z € I(a,b) Nd*=9R. Moreover, if x € I(a,b) N d >R satisfies \(f(z)) = i(f), then \(f(y)) =
i(f) for all y satisfying |y — x| < a2,

Definition 2.6. Let A C R be a measurable subset of R and let f : A — R be bounded on A. Then
we say that f is measurable on Aif for all e > 0in R, there exists a sequence of mutually disjoint

intervals (I,) such that I, C A for all n, Z [ (I,) converges in R, m(A) — i I(I,) <eand fis
n=1

n=1
analytic on I, for all n.

In [12], we derive a simple characterization of measurable functions and we show that they form an
algebra. Then we show that a measurable function is differentiable almost everywhere and that a function
measurable on two measurable subsets of R is also measurable on their union and intersection.

We define the integral of an analytic function over an interval I(a,b) and we use that to define the
integral of a measurable function f over a measurable set A. Before we do that, we recall the following
result whose proof can be found in [6].

Proposition 2.7. Leta < bin Rand let f : I(a,b) — R be analytic on I(a,b). Then
e fisLipschitzon I(a,b);
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o lim f(x)and lim f(x)exist;
z—at z—b~

e the function g : [a,b] — R, given by

f(z) if v € 1(a,b)
g(;p) = gl_igl+ f(f) ifz=a

lim f(€) ifz=b,

E—b~

extends f to an analytic function on [a,b] when I(a,b) < [a,b].

Definition 2.8. Let a <bin R, let f: I(a,b) — R be analytic on I(a,b), and let F be an analytic
anti-derivative of f on I(a,b). Then the integral of f over I(a,b) is the R number

/ f=lim F(z)— lim F(x).
I(a,b)

z—b— z—a™t

The limits in Definition 2.8 account for the case when the interval I(a, b) does not include one or both
of the end points; and these limits exist by Proposition 2.7 above.

Now let A C R be measurable, let f : A — R be measurable and let M be a bound for | f| on A. Then

for every k € N, there exists a sequence of mutually disjoint intervals (I,’i)zozl such that |J I¥ C A,
n=1

> 1(IF) converges, m(A) — > 1 (IF) < d*, and f is analytic on I¥ for all n € N. Without loss of
n=1

n=1
generality, we may assume that I¥ ¢ I¥+1 for all n € N and for all £ € N. Since lim 1 (I¥) =0, and

since ‘flk f‘ < Ml (I,’j) (proved in [12] for analytic functions), it follows that

lim f=0forall k € N.

n—o0 Ik
n

Thus, > [jx f converges in R for all k € N[11].
n=1 "

oo

We show that the sequence <Z flk f> converges in R; and we define the unique limit as the
n=1 " k=1
integral of f over A.

Definition 2.9. Let A C R be measurable and let f : A — R be measurable. Then the integral of f
over A, denoted by fA f, is given by

/Af: lim ilf.

S Un) > m(a) n=1"1n

oo
UInCA

n=1
I;Ls are mutually disjoint

fisanalyticon In, ¥V n

[t turns out that the integral in Definition 2.9 satisfies similar properties to those of the Lebesgue
integral on R [12]. In particular, we prove the linearity property of the integral and that if | f| < M on A
then | [, f| < Mm(A), where m(A) is the measure of A. We also show that the sum of the integrals of a

measurable function over two measurable sets is equal to the sum of its integrals over the union and the
intersection of the two sets.
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In [8], which is a continuation of the work done in [12] and complements it, we show, among other
results, that the uniform limit of a sequence of convergent power series on an interval I(a,b) is again a

power series that converges on I(a,b). Then we use that to prove the uniform convergence theorem in
R.

Theorem 2.10. Let A C R be measurable, let f: A — R, foreach k € Nlet f, : A — R be measur-
able on A, and let the sequence (fi) converge uniformly to f on A. Then f is measurable on A,

klgrolo [ 4 fr exists, and
lim / fk:/f
k—oo J 4 A

In [14] we generalize the results of [8, 12] to two and three dimensions. In particular, we define a

Lebesgue-like measure on R? (resp. R?). Then we define measurable functions on measurable sets using
analytic functions in two (resp. three) variables and show how to integrate those measurable functions
using iterated integration. The resulting double (resp. triple) integral satisfies similar properties to those
of the single integral in [8, 12] as well as those properties satisfied by the double and triple integrals of
real calculus. In order to have basic regions, like disks for example, measurable, it turns out that the so-
called simple regions defined below, rather than rectangles, are the best choice for the building blocks for
measurable sets. We recall the following definitions from [14] which will be needed later in this paper.

Definition 2.11 (Simple Region). Let G C R2. Then we say that G is a simple region if there exist
a < bin R and analytic functions hy, hy : I(a,b) — R, with hy < hy on I(a,b) such that

G ={(z,y) € R? 1y € I(hi(x), ha(x)),xz € I(a,b)}
or
G ={(z,y) € R*:z € I(h1(y), ha(y)),y € I(a,b)}.

Definition 2.12 (A, and A, of a simple region). Let A C R? be a simple region. I] A = {(z,y) € R?:
y € I(hi(x), ho(z)),x € I(a,b)} we define A\, (A) = X(b— a) and \y(A) = i(ha(z) — hi(x)) on I(a,b)
where i(hg(x) — hi(x)) is the index of the analytic function hy — hy on I(a,b).

On the other hand, if A= {(x,y) € R?:x € I(h1(y),h2(y)),y € I(a,b)}, we define \,(A) =
Ab —a) and My (A) = i(ha(y) — h1(y)) on I(a,b).

If Ay (A) = A\y(A) = 0then we say that A is finite.

Definition 2.13 (Analytic Functions on R?). Let A C R? be a simple region. Then we say that
f:A— R%is an analytic function on A if, for every (zo,y0) € A, there exist a simple region
Ay containing (xo,yo) that satisfies A\ (Ag) = Az (A) and A\y(Ag) = A\y(A), and a regular sequence
(aij)i5—q such that for every s,t € R, if (o + s,y0 + 1) € AN Ag then

f(330+87y0+t § Ai5S s't) = ZEo,yo E A58 t]
7] =0 7] =0
4§70

where the power series converges in the weak topology.

Given a simple region S C R? and an analytic function f : S — R, we define the index of f on S by
i(f) = min{A(f (z,y))|(z,y) € S},
which is shown to exist [14]. We note that A(f(z,y)) = i(f) for almost every (z,y) € S N (d*+9R x
d*(S)IR) and for any such point (z,y) € S N (d*=R x dvSR), we have that A(f(z/,y)) = i(f) for
all (2/,y') € S satisfying |2’ — x| < d*() and |y — y| < d*v(9).
With the above definitions, we can proceed to define measurable sets, measurable functions, and
integration just as we did in R, replacing intervals by simple regions. We can then extend the measure

theory and integration to R3, R*, etc. in an inductive way and obtain similar properties for the resulting
integrals as those for the single integral defined above.
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ON INTEGRABLE DELTA FUNCTIONS 39
3. THE DELTA FUNCTION ON THE LEVI-CIVITA FIELD

In the following, capitalizing on the existence of infinitely small and infinitely large numbers and the
newly developed integration theory on R, R? and R3, we will introduce a measurable function that has
similar properties to the Dirac Delta function and reduces to it when restricted to R.

Definition 3.1. Let § : R — R be given by

5@):{;r%¥—x% iflal <d
0 if || = d

Proposition 3.2. Let I C R be an interval. If (—d,d) C I then

/ 5(a

Proof. Note that 6(x) is measurable on I [12]. If (—d,d) C I then

o= | s

zel z€(—d,d)

Moreover, if (—d,d) NI = then

_ 3.3 2 _1d 13d
—4d ([d x]_d [3:1:}%[
3.3 3_23 _
_4d <2d 3d>_1.

If (=d,d) NI =0 then §(x) = 0forall z € I; and hence

/mel o) = /zelo -

Proposition 3.3. Let I C R be an interval containing (—d,d). Then §(x) has a measurable anti-
derivative on I that is equal to the Heaviside function on I N R.

Proof. Let H : I — R be given by

0 ife < —d
H(z) = 3d3(d*r — 32%)+ il —d<z<d-
1 ifz>d

Then H(x) is measurable and differentiable on I with H'(x) = 6(x) on I. Moreover,

0 ifx <0
H(z)lr=41/2 ifz=0,
1 ifx >0

which is the so-called Heaviside function.
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Proposition 3.4. Let o € R\ {0} be given, and let I C R be any interval satisfying (— \ZI’ |g‘> cl.

Then
1
olax) =
[ oen=

Proof. Note that, by definition of the delta function, we have that
3 7-3 (12 _ 2\
Saz) = {Sd (d? — (ax)?) if|az| < d

if jax| > d
_ 2d73 (d? — (ax)?) iffa] < |g‘
0 if || > Ii\
[t follows that
3 3 2 2 31 La2a\T | 1
0(ax) 4d (d* = (ax)?) = 4d x—d 3 d:‘Oé|.
xel " el
© we(‘\i\’\iw)

Lemma 3.5. Let f: 1(0,1) — R be analytic with i(f) = 0. Then for every x € 1(0,1) and for every
n € N, we have that A\(f™ (x)) > 0.

Proof. Letx € 1(0,1) and let ¢ < 0in @ be given. Since f is analytic on the finite interval 1(0, 1), there
exists § > 0 in R such that forall y € (z — 6,2 + §) N 1(0, 1), we have that

© r(n)(y
n=37"
n=0

Sincei(f) = 0, it follows that, for almost every h € (0, ) N R, we have A(f(z + h)) = 0. In other words,
for almost every h € (0,6) N R we have that f(z + h)[q] = 0. But

0 £(n) (4 2 £(n) (4
P (an' hn>[q]zzf @l gy — 5~ 77l
n=0 n=0 n=0

So for almost every h € (0,0) N R we have

> r(n)

=@l

= n!
Since the above is a real power series, this is possible only if £ (x)[q] = 0 for all n € N. Therefore, for
any n € Nand z € I(0,1), we have that A(f(™ (z)) > 0.

Theorem 3.6. Let a < bin R be given and let f : I(a,b) — R be analytic on I(a,b) with i(f) = 0.
Then for any x € I(a,b) and for any n € N, we have that

A (@) = —nA(b - a).
Proof. Define F': 1(0,1) — R by
F(z) = f((b—a)x + a).

Then F is analytic on I(0,1) and i(F") = i(f) = 0; hence, by the previous lemma, for all x € I(0,1) and
n € N, we have that

A <F(”) (:c)) > 0.
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ON INTEGRABLE DELTA FUNCTIONS 41
Note that, forall z € I(0,1) and n € N, we have that
FM(z) = (b—a)"f™((b—a)z + a).
[t follows that
0 <AF™ () = M(b = )" f"((b - a)z + a))
=nA(b—a) + A(f"((b — a)x + a));
and hence A\(f™ ((b — a)z 4+ a)) > —nA(b — a).

Proposition 3.7. Let a < bin R be such that \(b—a) <1 and let f:I(a,b) — R be analytic on
I(a,b) with i(f) = 0. Then for any zo € [a + d,b — d], we have that

/ F(2)8(x — ) =0 f(a0).
z€l(a,b)

Proof. Fix xzy € [a+ d,b— d]. Since f is a finite analytic function, there exists an > 0in R with A(n) =
A(b—a) suchthat, forany x € I(a,b) satisfying |z — xo| < 1, we have that f(z) = Z fe >(x0 ( —x0)*.

Therefore,
[ r@ia-m= [ s@ie )
z€l(a,b) z€(xo—d,xo+d)
— ) (z0) k
= / Z 1l (x — x)"0(x — o)
k=0 )

z€(zo—d,zo+d)

- [ st -

z€(xo—d,zo+d)

L) (
[ R et - )

z€(xo—d,zo+d) k=1

20 (k) (4
= f(wo) + / > / k:(' o) (= 20)"6(z = o).

z€(zo—d,xo+d) k=1

Now, for any € (xg — d,zg + d), we have that |x — 2| < d, and hence

), 1 4(R) (4
Z f k(' 0) (ZL‘ —:L‘())k(S(l‘ _1.0) < / Z |f k;(' 0)|dk5($ —1‘0)-

€(zo—d,zo+d) z€[wo—d,z0+d] k=1

It follows that

/ if m—xo) (x — o) §:|f

E(ro—d,wo-i—d) k=1 =1
Thus

. R (g 1B (z
A / Z k:(' 0) ( —z0)¥6(x —x0) | = A (,; | k(' 0)|dk> .

€(xo—d,zo+d) k=1
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However, since i(f) = 0 we can apply Theorem 3.6 to get that forall k € N, \(f*)(zg)) > —k and hence
A <k§_jl i/ (kL(!rO)'dk) > 0. Thus,

. fk) (g
A / Z / k:(' 0) (x — 20)*6(z — 20) | > 0.

E(ro—d,wo -‘rd) k=1

Therefore,

o F(R)
/ > ! k'(| g (x — 20)"d(z — z0) =0 0.

z€(xo—d,z0+d) k=1

It follows that
/f@m—mqﬂm.

z€I(a,b)

Proposition 3.8. Let a <b < cin R be such \(b—a) <1 and X\(c—"b) < 1; let g:[a,b] — R and
h:[b,c] = Rbeanalytic functions satisfying g(b) = h(b) and i(h) =i(g) = 0;and let f : [a,c] = R
be given by

fngwimqm>

hz) ifzelbd
Then for any xq € [a + d,c — d], we have that

/f@m—mqﬂm.

x€la,c]

Proof. Without loss of generality, we may assume that b = 0. Fix xg € [a 4+ d, ¢ — d]. If |xg| > d then by
Proposition 3.7 we are done; so without loss of generality we may assume that |z¢| < d. Thus, we have
that

f(x)d(z — x0) = 9(x)6(x —20) + h(z)d(x — o).
/ / /

z€la,c] x€[ro—d,0] z€[0,z0+d)

Both g and h are analytic functions defined on [a, 0] and [0, ¢], respectively; and hence they both can be
expanded as power series centered at 0. Thus,

o0
g@) = 3 ayat
k=0

and
h(z) = Brat,
k=0
where

(k) (k)
oy = g kl(O) and B = h kl(O) fork=0,1,2,....
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Since A(b — a) = AM(—a) = A(a) < 1 and A(c — b) = A(¢) < 1 both power series will have radii of con-
vergence infinitely larger than d, and hence they will converge everywhere on [z¢ — d,0] and [0, z¢ + d],
respectively. Thus,

g(z)d(x — o) / Z apz®s (x — o)

x€[ro—d,0] z€[xo—d,0] "
and
h(z)é(x — xp) = / Z Brxkd(xz — x0).
2€[0,20-+d] z€[0,z0+d] *=0
Therefore,

/ f(@)d(z — z0) = / Zakx §(x — zo) + / i,@kxké(az — @)

z€la,d] w€[zo—d,0] * z€[0,z0+d] *=0
= / d(x — x0) + Bo / 0(x — xp)
z€[x0—d,0] z€[0,z0+d]

- / i apa®d(z — xo)

x€[ro—d,0] k=1

+ / > Brao(a — x).

z€[0,x0+d] k=1

However, ag = ¢g(0) = f(0) = h(0) = o, and hence

w [ de—awrs [ dw-w=r© [ sw—w) =50

x€[xo—d,0] z€[0,z0+d] x€[zo—d,z0+d]
Thus,
[ s@ie-s =10+ [ Sawtse-mr [ Y st ).
z€layd] z€[zo—d,0] F=1 z€[0,z0+d] F=1
But
A / Z oapz®(x — xo) + / Z Bra®s(z — x0)
lzo—d,0] F=1 z€[0,z0+d] F=1
Slle)t [ sa-m+Ylaleat [ sw—a)| >0
k=1 z€[x0—d,0] = z€[0,z0+d]

as in the proof of Proposition 3.7. Thus,

Z s (r —x0) + / Zﬂkmké(:p —x0) =0 0,

z€lzo—d,0] ¥ z€[0,z0+d] F=1
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and hence [ f(z)d(z — zo) =o f(0). However, f(0) =¢ f(zo) [6]; therelore

z€[a,c]

/ F(@)8(z — w0) =o f(0).

z€[a,c]

Uniform differentiability on an interval of R is defined in the same way as in the real case.

Definition 3.9. Lef a < bin R be given and let f : I(a,b) — R be differentiable with derivative f'
on I(a,b). Then we say that f is uniformly differentiable on I(a,b) if for every e > 0 in R there
exists & > 0in R such that for all x,y € I(a,b)

fly) — f(=)

Y — fl(z)] < e

O<ly—z|<d=

Lemma 3.10. Let f: 1(0,1) — R be analytic with i(f) = 0. Then f is uniformly differentiable on
1(0,1).

Proof. First we note that, by Theorem 3.6, we have that A(f()(z)) > 0 for all n € N and for all
x € 1(0,1). Now let e > 0 in R be given and let

6 = min {d4e, d} .
Then forz,y € I1(0, 1) satisfying 0 < |y — x| < J, we have that

0 r(n) (g
)= @)+ -0+ Py -ar
n=2

where the power series converges in the order topology since A(f™(z)) > 0 for all n € N and since
0<l|y—=z| <0< 1sothat

(n)
lim z)
n—00 n!

(y —x)" =0.

It follows that

|fy) = fz) = f(2)(y — )| =

0 r(n) (g
Zf n,( )y -y
n=2

e ) d_l -
n=2

and hence
fy)=f@) —dn — A"\
i fi(z) <n§::0 ol ly — x| < nz::() ol d*e
4 d
= Z de = €
(n:O n!) 1-d
< €

Theorem 3.11. Let a < b in R be given and let f: I(a,b) — R be analytic on I(a,b). Then f is
uniformly differentiable on I(a,b).

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol. 10 No.1 2018



ON INTEGRABLE DELTA FUNCTIONS 45

Proof. Let F :1(0,1) — R be given by F(x) = d~*/) f(a + (b — a)z). Then F is analytic on I(0,1)
with i(F") = 0; and hence, by Lemma 3.10 above, F' is uniformly differentiable on 7(0,1). Now fix e > 0
in R. Since F' is uniformly differentiable on I(0, 1), there is a ¢ > 0 in R such that if z,y € 1(0,1) and

ly— x| < ,° then|F(y) — F(z) — F'(z)(y — x)| < d~*P)e. However,
|F(y) — F(x) = F'(2)(y — )|
=[PV fla+ (b -a)y) —d" D fla—(b-a)e)=d D f(a+(b-a)r)(b—a)y - )|
A"V f(a+ (b—a)y) - fla+ (b—a)x) = f'a+ (b—a)z)(b—a)ly — ).
Thus, ifz,y € 1(0,1) and |y — x| < b . then we have that
[fla+(—a)y) = fla+ (b—a)z) - f(a+(b—a)z)(b—a)(y—2)| <e
Now let u,v € I(a,b) be such that |v — u| < §; and let

u—a v—a
T = andy =
b—a

b—a
(b—a)y,z,y € I(0,1) and |y — z| < b .- 1t follows that

Thenu=a+ (b—a)z,v=a+
fl(u)(v —u)

[f(v) = f(u) =
=|fla+®-a)y) = fla+ (b—a)x) - fla+t - a)z)(b-a)y - )
<e.

Thus, f is uniformly differentiable on I(a, b).

Notation 3.12. In the following, and to avoid confusion with the number d, we will use D, to

denote the differential operator di, moreover we will use D7 to denote dci"n.

Proposition 3.13. Let z9, a < b, and € > 0in R be given; and let f : [xg — €,z + €] X [a,b] — R be
a (double) power series. Then

o [ s /a”

y€la,b] y€la,b]

Proof. Let N € Nbesuchthat d < e. By Theorem 3.11 above we have that f is uniformly differentiable
with respect to x and hence

kli)ngo Nk &Ef(a:, y) (uniformly).
Moreover, by definition
D, / fz,y) = Jm / dN+k :
y€la,b] y€la,b]

However, by Theorem 3.9 in [8] we have that

i / fl@+d" T y) = f(z,y) / i f(x+d¥tE ) — f(z,y)
k—o0 dN+k o k—oco dN+k
y€la,b] y€[a,b]
0
= azf(w,y)
[a,b]

This completes the proof of the proposition.
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Corollary 3.14. Let xg, a < b, and € > 0 in R be given; and let f : [vg — €,29 + €] X [a,b] = R be
analytic on : [xg — €, ¢ + €] X [a,b]. Then

D/fxy /awy

y€la,b] y€la,b]

Proof. This follows immediately from the fact that analytic functions are given locally by power series.

Proposition 3.15 (Leibniz’s Rule). Fix xy € Rand let e > 0in R be given. Let o, 5 : [xo — €, 20+ €] —
R be analytic functions with a(x) < B(x) for all x € [xg — €,x9 + €]. Let S be the simple region
given by

S ={(z,y) e R?:y € [a(x),B(x)],z € [xg — €, 20 + €]}
and let f : S — R be analytic. Then

D [ @) = f@ B8 @)~ Swa@a @+ [ i),

y€(a(x),B(z)] y€(a(z),f(z)]
Proof. The proof is identical to that of the real case.

Proposition 3.16. Lef xy, a < b, and € >0 in R be given and let u : [xg — €,x9 + €] — [a,b] be
a non-constant analytic function. Let g : [zg — €,x9 + €] X [a, u(x)] = R and h : [xg — €,z + €] X
[(x),b] — R be analytic and let f : [xg — €,x0 + €] X [a, ] be given by

_Jal@y) iy < p(x)
T {h(x,w ity > ul(z)
Then
P
. [ faw= [ i@y
y€[a,b] y€[a,b]

if and only if f(x,y) is continuous.

Proof. Observe that

D, / f(z,y) = Dy / 9(7,y) + Dy / h(z,y).
y€[a,b] y€la,u(x)] yE€[u(z),b]

But by proposition (3.15) we have that
0
D, [ g =gene@s [ o

y€la,pu(z)] y€la,pu(w)]

and

15,
Dw hl" - hl‘, —hZE, T /1‘.
/yemm,m @)= [ gph@) b)) @)

So
D, [ tew =@+ [ o)

yE[a,b} ye[a,u(:c)}
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N / ai h(zx,y) — bz, p(x)p (x)
y€lu(z),b]

= /e[ 9 flz,y) + [g(z, u(x)) — h(z, u(x))] 1 (z).

a,b] oz
Since pu is a non-constant analytic function we know that i/ # 0; and it follows that the above expression
equals fye[a 0] C%f(ac, y)ifand onlyif g(x, u(x)) = h(x, u(x)) forall z € [zg — €, z¢ + €], thatis if and only
if fis continuous at y = u(x) and hence everywhere (since g and h are analytic).

4. EXAMPLES IN ONE DIMENSION

In this section, we present two simple examples in which we illustrate the applications of the delta
function defined on R above.

Example 4.1. [Solving Poisson’s Equation in One Dimension] Suppose that we wish to find the
solution to the real differential equation #(t) = f(t) on the interval [0,4+0c0) and subject to the
initial conditions x(0) = 0,2(0) = 0. To begin, we observe that the piecewise analytic solution to

PG =8t —t)is

ot?
Ay(t —t')+ By t'<t—d
G(t,t') = q Aot —t') + B+ 3d3(d2(t —t")2 — Lt —t)) t—d<t <t+d,
As(t —t') + Bs t'>t+d

where Ay, Ao, A3, B1, By and Bs are constants to be determined.

To ensure that our solution satisfies the given initial conditions we must have that the real
parts of G(0,t') and %?(O,t’) equal zero; and to accomplish that, it is enough to set G(r,t') =0
and %? (r,t') =0 where r € R is any number that is infinitely small in absolute value (we will
use r = —d since that turns out to be a convenient choice). In order to apply Proposition 3.16 we
require that G be continuous (so that Dy [, G(t,t') = [, § G(t,t')) and that % (,t') be continuous
(so that Dy [, 8 G(t,t') = [, g; G(t,t')). Using the initial conditions and continuity of G(t,t")
and its derivative att = t' + d, we can solve for Ay, By, As, By, As, and Bs, to get

t—t'—d t<t—d
Gt t) =t —t) = 1Bd+ 3d 3Pt -t - Lt —t)) t—d<t <t+d.
0 t'>t+d

Note that when restricted to real points, the real part of G(t,t') reduces to the classical Green’s
function for D?. Applying Proposition 3.16, we obtain that

82
np [ ownnw)- [ LG
ef0,d 2] #el0,d 2]

= [ se-t))
tef0,d 3]

=0 f(t).

It follows that [ G, ) f') | [0]isa (real) solution to the equation
1
t'el0,d™ 2]
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with the initial conditions

/ co.05w) o= | [ “0.0)5w) | 10 =0

1
€[0,d™ 2] 'el0,d” 2]

and hence we must have that

2(t) = / awt)f) | o
€l0,d 2]

Now, if we set f(t) =t then we see that

Gt t’)f(t’)= / Gt 1) ()

velod- '€[0,t+d]
4 1_/ 3 3—3 2_/2_1_/4 /
/ (t—t — )t + / <2(t /)4 pd+ <d(t (- -t ) o
t'e€[0,t—d] t'e[t—d,t+d]
But
/ (t—t—d’)t:é(t—d)?’
t'€[0,t—d]
and
1_/ 3 3—3 2_/2_1_/4 /_7213
/ <2(t {)+ rd+ <d (1=t =) )= T4
t'e[t—d,t+d]
Thus, [ Gt)f({t)) = it —d)> + [td> + 3d° = ;t* and hence the real solution is z(t) =
tef0,d 2]
st

Example 4.2 (Damped Driven Harmonic Oscillator). Consider now an underdamped, driven har-
monic oscillator with mass m, viscous damping constant ¢, spring constant k, and driving force
f(t). Let z(t) be the position of the oscillator at time t with x(0) = 0 and ©(0) = 0. The oscillator’s
equation of motion is

c
T(t r(t t) = . 4.1
i)+ Cin + ") (41)
With the following change of variables
c k
= and w :\/ ,
7 2vmk 0 m
equation (4.1) takes the form
t
B(t) + 2ywoi(t) + wiz(t) = f;)
Since the oscillator is underdamped we have that v*w3 — w3 < 0 which is equivalent to v < 1.

To solve the equation of motion we first find the Green’s function for the differential operator
(D? + 2ywo Dy + wd); that is, we find a solution for the differential equation

o oy 2 w2 Gt,t") =8t —1)
8t2 ’onat Wo ’ - .
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First we observe that the analytic solution to the homogeneous partial differential equation

0? 0 9 ,
<8t2 + 2%0081& —|—w0> Ghom(t, ') =0
is
Ghom(t,t") = e 70 (Asin(w(t — ') + B eos(w(t — 1)),
where w = \/1 — v2wo and where A and B are arbitrary constants.
One particular solution to the inhomogeneous partial differential equation

0 0 2 / 33,9 2
<8t2+2’yw08t+w0> Ginhom(t,t):4d (d*—t%)
is given by
3 d? — (t —t")? t—t) 1—442
ot )= s (£ 0P o000 107,
Since
0 ift<—d
o(t) = 3d=3(a>—1?) if —d<t<d,
0 ifd<t

we must have

e 10t (A sin(w(t — ') + By cos(w(t — 1)) ift' <t—d
—1o(t=t) (Ay sin(w(t — t')) + B t—t
G(t, t/) = € 3 d2_(t£t/)2281n(,yu(}t(_tl) ))1_4,722 COS(W( ))) lft - d < t, < t + d
+w(2)( 4 + wo + 2w )
e 10t (Assin(w(t — ') + By cos(w(t — 1)) ift' >t+d
where Ay, Ay, As, B1, B, B3 are constants to be determined by the initial conditions.

As in the previous example the real part of our Green’s function must satisfy the same initial
conditions as the desired solution. To this end we require

o oG
G(—d,t')=0and 8t(

—d,t") = 0.
Solving for the relevant constants yields
A3 :Oanng =0.

Again, as in the previous example, requiring continuity of G and 0G /0t gives us the remaining 4
constants:

3 4 2v3 3y 1 cos(wd) ~ 1— 492\ .
Ay = " d el - 2-)d —( Td- d
! wg ° << wo  2wo * <7 2 w wo 2w(2) sin(wd)

273 1 1 —4~2
+ 32 d—3e7wod 7 _ 3 + (- )d cos(wd) +( Ta- 27 sin(wd)
2w wo 2 w

9 3 1 1 d 1—-4 2
B, 32d—3€—'ywod << 7 3y + <72 _ > d> sin(wd) + < v d— 27 > COS(UJd))
wp wo 2w 2 w “o 2wy

d—3e—"/w0d 3,}/ _ 273 + 72 _ 1 d Sln(Wd) _
wg 2w wo 2 w
3 4 2v3 3y 1 cos(wd) ~ 1— 492\ .

Ay = ", d e w0l - 2 _)d —( Td- d

2 w? ‘ << wo 2w * <7 2 w wo 2w3 sin(wd)
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3 2v3 3 1 in(wd 1— 442
By = 2d_g’e_wod << Ty <’72 - > d> sin(wd) + ( Ta- 27 > cos(wd)> .
wh wo 2w 2 w wo 2wy

While at first glance these constants seem too cumbersome, we have that
1
Al =0 and Bl =0 O;
w
and hence
Lemrwot=gin(w(t —¢)) ift >t
Gt 1) =0 e =)=t
ift <t

which is the classical Green’s function for this problem.
Now, suppose that the driving force is given by

f(t) = me 740k,
Then the equation of motion becomes
(1) + 2ywod (t) + wiz(t) = e 140k,
Thus, as in the previous example, we can obtain the real solution as the real part of

/‘ G&JUQ:X

t'e[o,dfé]

z(t) = / (ﬂawfgx

t’e[o,d‘%]

Therefore,

But G(t,t') =0 fort' >t +d, and hence

t/
/ G(t,t") /ﬁ G(t,t")e 1ot

cl0.d- 3] €[0,t+d)
Thus,
= [ Gt
t'€[0,¢t+d]
— o wot / (Agsin(w(t —t")) + By cos(w(t —t')))
t'eft—d,t+d)
3 d?—(t—t)? t—t)  1—4y?
+ 7wt / <2( =t ae=t) ;>
W 4 wo 2wy
t'eft—d,t+d)

+ g7 wol / (Aysin(w(t —t")) + By cos(w(t —t')))

t'€[0,t—d]
p— |:2A2 sin(wd) LA sin(wt) — sin(wd) LB cos(wt) — cos(wd)

w w w

3 2 1+ 4~2 _ 3 d d _
—2d3<433+ ) §>@ww_evw%+ 2<222+-2>@WM+6VW%
wp Y Wy Ywp w, YWy o wp

B e_wotcos(wt) -1

w2
which agrees with the classical solution.
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5. THE DELTA FUNCTION ON ®? AND R3

Using the integration theory developed in [14] it is possible to define integrable delta functions on R?
and R3.

Definition 5.1. Lef 65 : R? — R be given by

da(z,y) = 6(x)d(y),
where § is the delta function defined above on R.

Proposition 5.2. Let S C R? be measurable. If (—d,d) x (—d,d) C S then

/S5g(az,y) =1

/ d2(x,y) = 0.
S
Proof. 1f (—d,d) x (—d,d) C S then
/ e =[] @i

(w7y) (_dvd) X (_dvd)

- [ |o@ [ s

If (—d,d) x (—d,d) N S = 0 then

z€(—d,d) y€(—d.d)
/ 5(z) = 1.
z€(—d,d)

If (—d,d) x (—=d,d) NS =0, then da(z,y) = 0 everywhere on S; and hence

/ a(,) = //0_0

Proposition 5.3. Let S C R? be a simple region with A,(S) < 1and A\y(S) < 1,let f : S — R be an
analytic function with index i(f) = 0on S. Then, for any (xo,y0) € S that satisfies (xy — a,xy +
a) X (yo — a,yo + a) C S for some positive a > d in R, we have that

// J(x,y)02(x — 20,y — yo) =0 f(Z0,0)-
(z,y)eS

Proof. First we note that d2(x — 2o,y — yo) = 0 everywhere except on the simple region (zg — d, z¢ +
d) x (yo — d,yo + d). Thus,

/ f(x,y)0a(x — xo,y — o) = / / f(x,y)d2(x — x0,y — yo)-
z,y)eS z€(xo—d,xo+d) y(yo—d,yo+d)

Now, fora fixed x € (xg — d, ¢ + d), h(y) := f(z,y) is an analytic function on (yo — @, yo + @) which
contains (yo — d,yo + d) ; and hence, by Proposition 3.7, we have that

/ h(y)o(y — yo) =0 h(yo) = f(x,90)-

y€(yo—d,yo+d)
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Furthermore, g(z) := f(x,yo) is analytic on (xg — a, xg + a) which contains (z¢ — d, z¢ + d); and hence
/ 9(z)0(z — z0) =0 g(x0) = f(x0,Y0)
z€(zo—d,zo+d)

Thus,

/ it -sny-w= [ |- [ - wiey

x,y)ES z€(xo—d,xo+d) y€(yo—d,yo-+d)

- / 5(z — 20) (. 30)
z€(xo—d,x0+d)
=0 f(w0,¥0)-

Definition 5.4. Let 63 : R? — R be given by

[t follows immediately from Definitions 5.1 and 5.4 that
53(1'7:1/7 Z) = 52(1‘,y)5(2) = 52($7 Z)é(y) = 5($)52(y7 Z)
Proposition 5.5. Let S C R be measurable. If (—d,d) x (—=d,d) x (—d,d) C S then

//sag(a:,y,z) _1

If (—d,d) x (—=d,d) x (=d,d) NS = () then
// (53((13,y72') =0.
S

Proof. i (—d,d) x x (—d,d) C Sthen

// (9 2) = /I bo(2,9,2)

(z,y,2)€(—d,d) X (—d,d)x (—d,d)
-] Sley) [ 6
(z,y)e(—d,d)x (—d,d) z€(—d,d)

(z,y)€(—d,d) x (—d,d)

If (—d,d) x (—d,d) x (—d,d) NS =0, then §3(z,y, z) = 0 everywhere on S; and hence

/S/ 53(a:,y,z):/s//0:0.
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Proposition 5.6. Let S C R be a simple region with A\,(S) <1, A\y(S) <1, A\.(S) < 1, and let
f:S — R be an analytic function on S with i(f) =0 on S. Then, for any (xo,y0,20) € S that
satisfies

(xo — a,z0 +a) X (yo — a,yo + a) X (20 —a,20+a) C S

for some positive a > d in R, we have that

// f(x,y,2)03(x — 20,y — Yo, 2 — 20) =0 f(x0, Y0, 20)-

(%,y,2)

Proof. First we note that ds(x — xo,y — yo,2 — 20) = 0 everywhere except on the simple region (z¢ —
d,xo+d) X (yo — d,yo + d) x (20 — d, zo + d). Thus,

JIf st

(%,y,2)

— /// f(x,y,2)03(x — 20,y — Y0, 2 — 20)

(2,y,2)€(x0—d,x0+d) X (yo —d,yo+d) x (20 —d,z0+d)

- I/ Se-my-w) [ f@pi- )
(z,y)€(x0—d,z0+d) X (yo—d,yo+d) z2€(z0—d,z0+d)
Now, for a fixed (z,y) € (zo —d,z0 + d) x (yo — d,yo + d), h(z) := f(z,y, z) is an analytic function on
the interval (29 — a, zp + a) which contains (z9 — d, 29 + d); and hence, by Proposition 3.7, we have that
[ @8 = a0 = hao) = F(ap. ).
z2€(z0—d,z0+d)
Furthermore, g(x,y) := f(x,y,20) is analytic on the simple region Sy, := (z¢o — a,z0 + a) x (yo —
a,yo + a) containing (xo — d,xo + d) x (yo — d, yo + d); and hence, by Proposition 5.3, we have that
// 9(w,y)02(z — 20,y — Yo) =0 9(zo,yo) = f (w0, Yo, 20)-

(z,y)e(xo—d,xz0+d) X (yo—d,yo+d)

J[f st ===

(z,y,2)

_ / / (w — 20,5 — v0) / g T @D Zo))

(z,y)€(z0—d,z0+d) X (yo—d,yo+d)

Thus,

=0 // 52(x_x07y_y0)f(xay720)
(z,y)€(wo—d,xo+d)x (yo—d,yo+d)
=0 f(l‘o, Yo, ZO)'

As in the classical case it is also possible to define the delta function in spherical coordinates, in
particular we have that

58ph(r - I'/) = F(Tv ¢7 9)53(T - Tl, qb - Qb/, 0 — 9/)7
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where of course r is the point (r, ¢, ), ¢’ is the point (', ¢’,6’), and F is some as yet unknown function.

Naturally we must have that
f[f oo

r'eR3
from which it follows that
F(r', ¢, 0N03(r — 1", — ¢, 0 — 0')r"?sin ¢’ = 1.
reR+ ¢'€[0,27] 0'€[0,7]

However, we already know that

/ / /53T—r(;5 ¢ ,0—0)=

r'eRt ¢'€[0,27] 6/ €[0,7]
since d3(r — ', ¢ — ¢, 0 — 6') is normalized by definition, so we obtain
53(T - 7’/, ¢ - ¢,7 0 — 6,)
r'eRt ¢'€[0,27] 6/ €[0,7]
= / / / F(r S3(r—r",p— ¢, 0 — 0" sind’
r'eRt ¢'€[0,27] 6/€[0,7]

and hence
1

A
F(T’(b’e)_rasin@"

Definition 5.7. We define &5, : R — R by
S(r— 1.6~ 8,6 0)

dspn(r — 1) = r2sin 6

Note that as in the classical case, if a problem has spherical symmetry then the delta function takes
the form

dsph(r — r')=F(r")o(r —1")

/ / r’? sin(f') = s

€[0,2n] 0’

and since

it follows that

1
F /
(r) Amr’2
and hence
o(r—1")
dspn(r —1') = A2

Example 5.8 (Electric Field of a thick spherical shell). Suppose we wish to find the electric field
of a thick spherical shell centred at the origin with inner radius Ry, outer radius Re and a
uniform charge density. One way to accomplish this is to solve the differential equation implied
by Gauss’s law:

V-E(r) = plr)
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where K(r) is the electric field at the point r and p(r), the charge density multiplied by a constant
that depends on the system of units used, is given by

0 iiT’<R1
p(r)=qpo ifRi <r<Ry.
0 ifT>R2

As in previous examples we can solve this differential equation by finding the Green’s function
G(r,r') = Gre; + Gyey + Goeg corresponding to the operator V-, in particular G(r,r’) must
satisfy

V- G(r,r') = dgpp(r — ). (5.1)
However we have spherical symmetry about the origin; so we may infer that
Gy =Gp=0
and
o(r—1")
5sph(r - I‘/) = A2
Thus, equation (5.1) reduces to
10 ,, o O(r—1)
r2 or (r°Gr (1)) = 4mr2
Solving this differential equation yields
3 ifr'<r-—d
Gr(r,r') = 47r1r22d_3 (d2(r —r') — é(r - r’)3) +3 ifr—d<r' <r+d
3 ifr">r+d

where c1, co, and cs are constants of integration. We know that E(r) = 0 for r < R since there
is no charge inside the shell. To ensure our solution satisfies this initial condition we must have
G,(0,7") =0 0 and as in previous examples we accomplish this by setting G,(—d,r") = 0. Using
this initial condition as well as the continuity of G,, we are able to solve for the constants in
Gy (r,7"), in fact we find that

47rlr2 ifr'<r—d
Gy(r,r') = amz ad (P =) = =13+ L, ifr—d<i <r+d.
0 ifr" >r+d

Now that we know the Green’s function of the operator V- and have made it satisfy the relevant
boundary conditions we can solve for the (real) electric field of the spherical shell by recalling
that

E(r) = E;(r)er = / / / G (r,7 ) p(r' ) sin@'e, = 47 / G (r, ) p(r ) %ey.

r'eR* ¢'€[0,2m) 6'€[0,7] r'eR+

If r < Ry then we have that

If Ry < r < Ry then we have that

2
_ por L 3. 5/ 2 no 1 N3 1 2
E.(r) =¢ 4w / a2 T / <47rr2 4al <d (r—r")— 3(7“ )’ )+ grp2 ) POT

v’ €[R1,r—d] r'€lr—d,r+d|
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PO /3 3
Finally if r > Ro then we get
B POT/2 __Po 3 3
E.(r) =¢ 47 / Arr2 = 32 (R2 — Rl) .
r’'€[R1,R2]

Hence the electric field of a uniformly charged thick spherical shell is given by

0 ifT < R
Ex(r)=q4% (P —R}) ifRi<r<Ry.
2% (R3—RY)  ifr> Ry

While the examples given in this section are admittedly simple they serve to illustrate how to use
the newly defined delta functions. In the future we plan to engage in a more detailed study of the
delta functions in two and three dimensions as well as in constructing more complex and challenging
examples.
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