CONSTRAINED SECOND ORDER OPTIMIZATION ON
NON-ARCHIMEDEAN FIELDS

KHODR SHAMSEDDINE AND VERA ZEIDANT

ABSTRACT. Constrained optimization on non-Archimedean fields is presented.
We formalize the notion of a tangent plane to the surface defined by the con-
straints making use of an implicit function theorem similar to its real counter-
part. Then we derive necessary and sufficient conditions of second order for
the existence of a local minimizer of a function subject to a set of equality and
inequality constraints, based on a concept of continuity and differentiability
that is stronger than the conventional one.

1. INTRODUCTION

In this paper, optimization over equalities and inequalities on non-Archimedean
fields will be considered. We first review some basic terminology and facts about
non-Archimedean fields. So let K be a totally ordered non-Archimedean field ex-
tension of R. We introduce the following terminology.

Definition 1.1 (~, =, <, H, \). For 2,y € K, we say « ~ y if there exist n,m € N
such that n|z| > |y| and m|y| > |z|; for nonnegative x,y € K, we say that x is
infinitely smaller than y and write ¢ < y if nx < y for all n € N, and we say
that x is infinitely small if x < 1 and z is finite if x ~ 1; finally, we say that z is
approximately equal to y and write z ~ y if z ~ y and |z — y| < |z|. We also set
A(z) = [z], the class of  under the equivalence relation ~.

The set of equivalence classes H (under the relation ~) is naturally endowed with
an addition via [z]+ [y] = [z-y] and an order via [z] < [y] if |y| < |z| (or |z| > |y|),
both of which are readily checked to be well-defined. It follows that (H,+, <) is a
totally ordered group, often referred to as the Hahn group or skeleton group, whose
neutral element is the class [1]. It follows from the above that the projection A from
K to H is a valuation.

The theorem of Hahn [5] provides a complete classification of non-Archimedean
extensions of R in terms of their skeleton groups. In fact, invoking the axiom of
choice it is shown that the elements of any such field K can be written as formal
power series over its skeleton group H with real coefficients, and the set of appearing
”exponents” forms a well-ordered subset of H. The coefficient of the qth power in
the Hahn representation of a given x will be denoted by z[q], and the number d will
be defined by d[1] = 1 and d[g] = 0 for ¢ # 1. It is easy to check that 0 < d? <« 1 if
and only if ¢ > 0, and d9 > 1 if and only if ¢ < 0; moreover, z =~ z[\(z)]d® for
all z # 0.
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From general properties of formal power series fields [10, 12], it follows that if H
is divisible then K is algebraically closed; that is, every polynomial of odd degree
over K has at least one root in K. For a general overview of the algebraic properties
of formal power series fields, we refer to the comprehensive overview by Ribenboim
[13], and for an overview of the related valuation theory the book by Krull [6]. A
thorough and complete treatment of ordered structures can also be found in [11].

Throughout this paper, N will denote any totally ordered non-Archimedean field
extension of R that is complete in the order topology and whose skeleton group H
is Archimedean; i.e. a subgroup of R. The smallest such field is the field of the
formal Laurent series whose skeleton group is Z; and the smallest such field that
is also algebraically closed is the Levi-Civita field R, first introduced in [7, 8]. In
this case H = Q, and for any element z € R, the set of exponents in the Hahn
representation of z is a left-finite subset of Q, i.e. below any rational bound r there
are only finitely many exponents.

The Levi-Civita field R is of particular interest because of its practical usefulness.
Since the supports of the elements of R are left-finite, it is possible to represent
these numbers on a computer [1]. Having infinitely small numbers, the errors in
classical numerical methods can be made infinitely small and hence irrelevant in all
practical applications. One such application is the computation of derivatives of
real functions representable on a computer [15], where both the accuracy of formula
manipulators and the speed of classical numerical methods are achieved.

In the light of such practical usefulness of infinitely small numbers, it is natural
to study optimization questions on non-Archimedean fields with the hope to extend
the methods mentioned in the previous paragraph to find local extrema of functions
as closely as allowed by machine precision.

The following example shows that continuity or even differentiability of a function
on a closed and bounded subset of A/ or N do not necessarily entail that the
function assumes a maximum or a minimum on the set.

Example 1.2. Let f:[-1,1] — N be given by f (z) = z — z[0].

Then f is continuous on [—1,1] and differentiable on (—1,1) with f/(z) =1 for all
x € (=1,1). In fact, for all y # x in [—1, 1] satisfying |y — 2| < 1, we have that
(y — z)[0] = 0 and hence

fly) = flx) _ y—yl0]—z+2[0] _y—=z—(y[0] - =[0])
y—x y—x Yy—
_ yme—@-ol] _y-z_,
Yy— Yy— ’

which shows that f is differentiable at x for all z € (—1,1) with f’(z) = 1. However,
f assumes neither a maximum nor a minimum on [—1,1]. The set f([-1,1]) is
bounded above by any positive real number and below by any negative real number;
but it has neither a least upper bound nor a greatest lower bound.

Also, contrary to the real case, the following example shows that a function that
is 2k-times differentiable on an open interval (a,b) containing the point zo, with
f9N(zo) = 0 for all j € {1,...,2k — 1} and f**)(24) # 0, need not have a local
extremum at xg.

Example 1.3. Let g : (—1,1) — N be given by g(z)[q] = x[g/3] and let f :
(=1,1) — N be given by f(z) = g(x) — 2*. Then g is infinitely often differentiable
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n (—1,1) with g¥)(z) = 0 for all j € N and for all 2 € (—1,1) [16]. Tt follows that f
is four times differentiable on (—1,1) with f/(0) = f”(0) = f”’(O) =0and f¥(0) =
—24. Now let « € (—1,1) be such that 0 < |z| < 1. Then g(z) =~ z[\(x)]d*}*) and
2t~ (2[A(2) dP® < |z[A(@)]] 3@, Thus, f(z) ~ z[Ma)]d*®). It follows
that f(z) > f(0) =0if 0 < z <« 1 and f(z) < f(0) if 0 < —z <« 1; and hence f

has no local extremum at 0.

The difficulties presented in Example 1.2 and Example 1.3 are due to the total
disconnectedness of the field in the order topology [14] and makes the study of
optimization more involved than in the real case. Thus, a stronger smoothness
criterion is needed to study optimization on N. In [16], we considered unconstrained
one-dimensional optimization on the field N, using the notion of continuity and
differentiability based on the derivate concept [2]. In this paper, we generalize the
concepts of derivate continuity and differentiability to higher dimensions. Then
we use that to derive necessary and sufficient conditions of second order for the
existence of a minimum of an N-valued function on N™ subject to constraints.

We will consider the problem of minimizing a function f : N™ — A/, subject to
the following set of constraints:

ha (%) (@) < 0
(1.1) and ,

hm(Z) = 0 gp(Z) < 0
where all the functions in Equation (1.1) are from N to N. A point 75 € N™
will be said to be a feasible point if it satisfies the constraints in Equation (1.1).
Before deriving necessary and sufficient conditions for a feasible point ¥y to be a

local minimizer of f, we first review the concept of derivate differentiability [2, 14]
and extend the concept to higher dimensions.

|
o

2. DERIVATE CONTINUITY AND DIFFERENTIABILITY

In this section, we review the definitions of derivate continuity and differentiabil-
ity in one dimension, as well as some related results that are useful for our purposes
here, and we refer the interested reader to [2, 14] for a more detailed study. Then
we generalize these notions of continuity and differentiability to higher dimensions.

Definition 2.1. Let D C N be open and let f : D — A. Then we say that f is
derivate continuous on D if there exists M € N, called a Lipschitz constant of f
on D, such that

‘f(y)—f(x) < M for all x #y in D.

y—x

It follows immediately from Definition 2.1 that if f : D — N is derivate contin-
uous on D then f is uniformly continuous (in the conventional sense) on D.

Remark 2.2. [t is clear that the concept of derivate continuity in Definition 2.1
coincides with that of uniform Lipschitz continuity when restricted to R. We chose
to call it derivate continuity here so that, after having defined derivate differentia-
bility in Definition 2.3 and higher order derivate differentiability in Definition 2.5,
we can think of derivate continuity as derivate differentiability of "order zero”, just
as is the case for continuity in R.
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Definition 2.3. Let D C N be open, let f : D — N be derivate continuous on
D, and let Ip denote the identity function on D. Then we say that f is derivate
differentiable on D if for all € D, the function %—(i) : D\ {z} — N is derivate

continuous on D \ {z}. In this case, the unique continuation of %ﬁ? to D (see
[14]) will be called the first derivate function (or simply the derivate function) of
f at = and will be denoted by F} ,; moreover, the function value Fi ,(x) will be
called the derivative of f at x and will be denoted by f'(x).

It follows immediately from Definition 2.3 that if f : D — A is derivate dif-
ferentiable then f is differentiable in the conventional sense; moreover, the two
derivatives at any given point of D agree. The following result provides a useful
tool for checking the derivate differentiability of functions; we refer the interested
reader to [14, 16] for its proof.

Theorem 2.4. Let D C N be open and let f : D — N be derivate continuous on
D. Suppose there exists M € N and there exists a function g : D — N such that

fly) = f(x)
y—x
Then f is derivate differentiable on D, with derivative ' = g.

—g(z)| < Mly—=z| forally#x in D.

Definition 2.5 (n-times Derivate Differentiability). Let D C A be open, and
let f: D — N. Let n > 2 be given in N. Then we define n-times derivate
differentiability of f on D inductively as follows: Having defined (n — 1)-times
derivate differentiability, we say that f is n-times derivate differentiable on D if
fis (n — 1)-times derivate differentiable on D and for all z € D, the (n — 1)st
derivate function F},_; , is derivate differentiable on D. For all = € D, the derivate
function F,, ; of F,,_; ; at & will be called the nth derivate function of f at =, and
the number f(") (z) = nlF),_, ,(z) will be called the nth derivative of f at = and

denoted by f(")(x).

One of the most useful consequences of the derivate differentiability concept
is that it gives rise to a Taylor formula with remainder while the conventional
(topological) differentiability does not; see [2, 14]. We only state the result here
and refer the reader to [2, 14] for its proof. We also note that, as an immediate
result of Theorem 2.6, we obtain local expandability in Taylor series around zy € D
of a given function that is infinitely often derivate differentiable on D [2, 14].

Theorem 2.6 (Taylor Formula with Remainder). Let D C N be open and let
[+ D — N be n-times derivate differentiable on D. Let x € D be given, let F,, , be
the nth order derivate function of f at x, and let M,, , be a Lipschitz constant of
Fnoz on D. Then for ally € D, we have that

() (g
e,

- x)j + Tn+1 (Z,y) (y - I)n+1 )

Fw=Ff@+>,
j=1

with X (rp41 (,9)) > A (My,2).

Now we generalize the concepts of derivate continuity and derivate differentia-

bility to functions of many variables. In the following, column vectors in N/ will

be denoted by &, 7, ...; and row vectors by Z7, 47, .. ..
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Definition 2.7. Let D C N™ be open, let f : D — N, and let % be a unit vector.
For each ¥ € D, let

D§7ﬁ={t€N:f+tﬁ€D}

and define ¢z 4 : D

8
2
1
=
-n

]

Then we say that f is derivate differentiable on D in the direction of @ if ¢z 4 is
derivate differentiable on Dz 7 for all Z in D. Moreover, the derivative ¢, -(0) will
be called the directional derivative of f at & in the « direction and will be denoted

by 0z f(Z).

Definition 2.8 (Partial Derivatives). Let D C N be open, let f : D — A and
let {€1,...,€,} denote the standard orthonormal basis of N™. Then the partial
derivatives of f are defined as the directional derivatives of f in the directions
€1,...,€En, if these exist. If the partial derivative in the direction €} exists, we will
denote it by dr f. The gradient of f, denoted by V f, is defined to be the row vector
whose components are the (first order) partial derivatives of f.

Definition 2.9. Let D C N™ be open, let f : D — N and let ¢ € N be given.
Then we say that f is C? on D if all the partial derivatives of order smaller than
or equal to ¢ exist and are continuous on D (in the derivate sense).

Theorem 2.10. Let D C N™ be open, let f : D — N be C! on D and let £ € D
be given. Then there exist §, M > 0 in N such that Bs(Z) = {Z € N" : |7 — 7| <
0} € D, and | f(§) — f(&) = V(@) (F — ©)| < M|j — 2> for all j € Bs().

Proof. We use induction on the number of variables n. The result is true for n = 1
by definition of derivate differentiability in one dimension. Assume it is true for
n = k and we show that it is true for n = k+ 1. So let f : D C N*t1 — N be
C', and let ¥ € D be given. Since D is open, there exists dy > 0 in N such that
B§f+1)(f) C D. Write & = (21, ..., 25, Ths), let { = (21,...,25) € N* and let

Dy = {z: (21, zm) €N 2 (21, 2y Tig) € Bgf“)(f)}.

—

Then Dy = Bgf) (¢); and hence D; is open in N'*. Define 1 : D; — N by
W(z1,. o 2k) = (21,0 00y 28y Tpt1)-
Then 7 is C' on D; and the partial derivatives of ¢ at Z are given by

0(z1, ..., 2k) = 05 f (21, ..., 2k, @y ) for all j € {1,... Kk}

—

Thus, by the induction hypothesis, there exist d;, M; > 0 in N such that Bglf) ¢) C
D, (i.e. 81 < dp) and

— =

b(if) = () — V()i — )| < My|if - {]? for all i € B{(C).
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—

LetyGB(k+1)( 7) and let & = (y1,...,yx). ThenwEB ( ); and hence
I
f

(Y) — [(@) = Vf(@)(§ — )|
() —Y(w) — a1c+1f( %) (Ykt1 — Thoy1)|

+ww—w@—§:@mmw—@>

= |f(@,yrt1) = f(W, Th41) = Okt [(F) (Y1 — Ths1))
+[w@) - (@) - V(@ - &

|f(@0, yrr1) = [0, 2p41) — O [ (0, Tg1) (Y1 — Tos1)|
+ Ok 1.f (W, Th41) = Optr (D) |Yt1 — T |

+ (@) - Q) - V)@ - 0|

< Malyepr — 2| + M| — Clyrsr — zera| + M| — ¢

for some constants My, M3 € N, which do not depend on ¥ (nor on &), since Og41 f
is derivate continuous on D. Let M = max{3M,3Ms,3M3}. Then

|f@) — (@) = V@G- F)| < Mlg— 2 + Ms|j— &> + My|§ — &
< Mlg— .

Thus, the result is true for n = k + 1; and hence it is true for all n. ([l

<

IN

As an immediate consequence of Theorem 2.10, we obtain the following result.

Corollary 2.11. Let D € N™ be open, let Ty € D be given and let f : D — N
be C* on D. Then there exist M,5 > 0 in N such that Bs(Zo) C D and, for all
Z € Bs(%y), we have that
[ (&) = f (Zo) + V[ (Zo) (Z — To) + Ra(Zo, T),

where |Ry(Zy, T)| < M |7 — &>

Lemma 2.12. Let D C N be open, and let f : D — N be C' on D. Fiz %y € D,
let 7 € N™ be a fized vector and let D1 C N be given by D1 = {t € N : Zo+t0 € D}.
Define ¢ : Dy — N by ¢(t) = f(Zy + tv). Then ¢ is differentiable at 0 (in the
conventional sense) with derivative ¢'(0) = V f(Zo)U. Moreover, there exists 6 > 0
in N such that Bs(0) C Dy and

¢(t) — ¢(0)
t

Proof. By Theorem 2.10, there exist dp, M > 0 in N such that Bs,(Zp) C D and
[f(&) = f(@o) = V(Zo)(& — To)| < M|T — To|? for all T € By, (o).

Let 6 = 0¢/|0]. Then, since B(;O (Zp) C D, we obtain that Bs(0) C D;. Now let
t € Bs(0) \ {0} be given. Then Z + t¥ € B50 (Zo); and hence

[ (&0 +t0) — f(Zo) — V[ (Zo)Tt| < M|5]**.

— ¢'(0)| < M|5|?|t| for all t € Bs(0) \ {0}.

Thus,
o(t) — ¢(0)
t
which finishes the proof of the lemma. O

— Vf(Zo)5| < M|5)?|t],
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By repeated application of Corollary 2.11 and of Lemma 2.12 to the function
¢ and its derivatives, we obtain a Taylor formula with remainder, similar to the
corresponding one in real calculus.

Corollary 2.13 (Taylor Formula for Functions of Several Variables). Let D ¢ N™
be open, let Tg € D be given and let f : D — N be C? on D. Then there emist
M,6 >0 in N such that Bs(Zo) C D and, for all T € Bs(Zy), we have that

i@ = @)+ (5 X (-0, fEm, (o~ 201,)
.

j=1
+Ry41(%o, T),

where |Ry11(Zo, T)| < M|E — To|?H.

3. TANGENT PLANE

We start this section by first stating, without proofs, the inverse function theorem
and the implicit function theorem. The proofs are very similar to those of the
respective real ones: rather than taking ¢ € R such that 0 < ¢ < 1 asin [4] pp. 140-
149, we use ¢ € N such that 0 < ¢ < 1 wherever the convergence of the sequence
(c") is needed in the proofs. Also, we can replace conventional differentiability with
derivate differentiability without having to change the essence of the proofs. The
details of the last two statements are left as an exercise for the interested reader.

Notation 3.1. Let m,n € N be given, let D C AN be open and let f: D — N™
be C! on D. Then for ¥ € D, the m x n matrix of the partial derivatives of the

—

components of f will be denoted by M f(Z); that is

Ofi(Z)  O2fi(X) - Onfi(T)
M) = 81]":2(9??) 62f:2(a?) 8nf:2(f)
M fm(T) Oofm(E) o Onfml®)

—

Moreover, if m = n then the determinant of M f(Z) will be called the Jacobian of
f at & and denoted by J f(Z).

Theorem 3.2 (Inverse Function Theorem). Let n,q € N be given, let D € N™ be
open and let f: D — N™ be C9. Let Ty € D be such that J f(Zo) # 0. Then there
exists an open set Q containing Xy such that

e QCD,

° ﬂg 18 one-to-one,

—

e f(Q) is open,

o Jf(¥)#0 for all T € 0,
o The inverse § of fla is C? on f(£2),

I .
o Mii) = [MF@)]  if i = (@) and i € 0.
Theorem 3.3 (Implicit Function Theorem). Let r,m,q € N be given, let D, C N™

and Dy, € N™ be open and let F : D, x Dy, — N™ be C9. Let (Zo, 7o) € Dy X Dy,
be such that ﬁ(fo750) =0 and Jzﬁ(fo,io) # 0. Then there exist neighborhoods
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Q,. and Q,, of Ty and Zy, respectively and there exists a function g?f: Q. — Q,, that
is C7 on Q, such that F (f, gi_;(:?)) =0 for all T € Q, and ¢(Zo) = Z.

Now let’s go back to our original problem stated at the end of the introduction.
Let S be the hypersurface in N defined by

(3.1) :
h(Z) = 0
and assume that hq,. ..,k are CT.

Definition 3.4. Let S be the surface defined by Equation (3.1) and let Zy € S be
given. Then the tangent plane at &y to S, denoted by 7 (&), is the collection of
the derivatives &' (to), where Z(t) € S for ¢ in some open interval (a,b) in N, Z(t)
is derivate differentiable on (a,b) and Z(tg) = &y for some tg € (a,b).

Definition 3.5. Let S be as in Definition 3.4, and let &y € S be given. Then we say

that @y is a regular point of S if Vhy (Zy),..., Vhn (Zo) are linearly independent.
That is, if a1,...,am,m € N and if a1 Vhy (Zg) + -+ 4+ am Vi (Zo) = 0 then a; =
=y = 0.

Remark 3.6. We define matriz addition and multiplication in N the same way we
do in R; and hence we have the same criteria for the invertibility of a given matriz
and the same procedures to compute the inverse. Thus, an n X n matric M over
N is invertible if and only if its n column vectors are linearly independent, if and
only if its n row vectors are linearly independent in N .

A simple expression for the tangent plane to S at a regular point Z; is given by
the following theorem.

Theorem 3.7. Let S be the surface defined by Equation (3.1), and let Ty be a
reqular point of S. Then the tangent plane at Ty to S is given by

T (Zo) ={yeN" :Vh; (Z)y=0 forallj=1,...,m}.

Proof. Let § € T (Zy) be given. Then there exists a derivate differentiable curve
Z(t), a < t < b, in S such that &y = Z(tp) and ¥ = &' (tg) for some ty € (a,b).
Thus, h; (Z(t)) =0 for all t € (a,b) and for all j = 1,...,m. Since h; is C' in the
derivate sense, we obtain that h; is C! in the conventional sense and the partial
derivatives of h; at any given point (in the derivate sense and in the conventional
sense) agree; similarly, Z is differentiable (in the conventional sense) on (a,b) and
the derivatives at any ¢ € (a,b) in the derivate sense and in the conventional sense
agree. Hence, applying the chain rule, we obtain that h;(#(¢)) is differentiable (in
the conventional sense) at ¢ for all ¢ € (a,b) with h}(Z(t)) = Vh; (£ (t)) 7 (t) =0
for all t € (a,b). In particular, Vh; (Z(t9)) Z' (ty) = 0; and this is true for all
j=1,...,m. Therefore, Vh; (Zo)y=0forall j=1,...,m.

Conversely, let ¥ € N™ be such that Vh; (Zy) ¥ = 0 for all j =1,...,m. Define
FiNxNm— N™ by

— -

. T
Ft,2)=h (:E’O + 17+ (Mi(7)) z) :
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and consider now the equation F'(t,Z) = 0. Then, F(0,0) = 0 since &y is feasible.
Also,

FL(0.0) = Mi(z) (M)

which is a nonsingular m X m matrix. This is so since the row vectors in Mﬁ(fo),
namely Vhi(Zp),..., Vhn(Zo), are linearly independent. Thus, by the implicit
function theorem, there exists a C! function Z(t) defined on some open interval
(—a,a) C N such that

F(t,Z(t)) = 0 for all t € (—a,a) and Z(0) = 0.
. T
Define the function # : (—a,a) — N™ by Z(t) = Zo+tg+ Mh(a‘:’o)) Z(t). Then

(t) € S for all t € (~a,a), #(0) = Fo and 7'(0) = 7+ (MJi(7) ) Z(0). But from
z

z
h(Z(t)) = 0 for all t € (—a,a), we obtain that

' (Z(t)) |i=o = 0; and hence MHh(Z) <g+ (Mﬁ(fo))T 5’(0)) =0.

- . - . T
Since Mh(Zp)y = 0 and since Mh(Zy) (Mh(fo)) is invertible, we obtain that
Z(0) = 0. Thus, &’(0) = 7 and hence 7 € T(Z). O

4. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS

In this section, we derive necessary and sufficient, second order, optimality con-
ditions for a local minimum of a function subject to a set of constraints. We start
with the following definition.

Definition 4.1. Let Zy be a feasible point for the constraints in Equation (1.1)
and let I(Zo) = {l € {1,...,p} : gi(Zo) = 0}. Then we say that &y is regular for
the constraints if {Vh;(Zo) :j=1,...,m; Vg (Zo) : 1 € I(Zy)} forms a linearly in-
dependent subset of vectors in N™.

The following theorem provides necessary conditions of second order for a local
minimizer &y of a function f subject to the constraints in Equation (1.1). The result
is a generalization of the corresponding real result [9, 3] and the proof is similar to
that of the latter; but one essential difference is the form of the remainder formula
as in Equations (4.4), (4.5) and (4.6). In the real case, the remainder term is related
to the second derivative at some intermediate point, while here that is not the case.
However, the concept of derivate differentiability puts a bound on the remainder
term; and this is instrumental to prove the desired result.

Theorem 4.2. Suppose that f, {h;}72,, {gi}i_, are C* on some open set D C N™
containing the point Ty and that Zy is a regqular point for the constraints in Equation
(1.1). If Zy is a local minimizer for f under the given constraints, then there exist
1y y Oy B, By € N such that

(i) B >0 foralll € {1,...,p},
(ll) ﬁlgl('fo) :OfO’f’ alll € {la"'vp}7 .
(i) V1 (Fo) + Y7, 0 Vhy (o) + S0, AVgu(Fo) = 0, and
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(iv) 77 (V2 (Fo) + Sy 0 V2hy (o) + S0y V() ) 5 > O for all jj €
N™ satisfying Vhj(Zo)y = 0 for all j € {1,...,m}, Vg (Zo)y = 0 for
allle L={k e I(Z): Pr >0} and Vg (Zo)y <0 for alll € I(Zy) \ L.

Proof. Since I is a local minimizer for f over the constraints in Equation (1.1) and
since, for [ &€ I(Zy), ¢1(Z%o) < 0, there exists € > 0 in A such that Zj is a minimum
point for f in B.(Zy) over the constraints h(Z) = 0 and g;(Z) = 0 for | € I(Z).
That is, Zy is a solution for

(4.1) min f(Z) : h(Z) = 0,,/(Z) = 0 for | € I(Zy), T € Be(Ty).

Since & is regular for the constraints in Equation (1.1), this is equivalent to saying
that @y is regular for the constraints in Equation (4.1). Thus, by Theorem 3.7, we
have that the tangent plane to the constraint set S defined by Equation (4.1) is

P(Zo) = {g € N™ : Mh(Z0)7 = 0 and Vg (Zo)7 = 0 for [ € I(fo)} .

Let § € P(Zy). Then there exists a derivate differentiable curve Z(t), a < t < b,
with Z(t) € S for all ¢ € (a,b), and & (t9) = ¥ and Z(tp) = & for some ty € (a,b).
Then

F@E6) > F(#(to)) = f(o) for all £ € (a,b).
Hence, using a result in [16] about local minima, we have that
(4.2) FEOD]y, = 0=Vf(o)Z (to) = V[f(Zo)j and
(4.3) @)=y, = 0
Equation (4.2) yields that

Vi(Zy) € P(Zo)t ={Z€N™:Z-w =0 for all & € P(i)} .
It follows that V f(Zy) € N(Zp), where

N(#p) = FeN": == a;Vhj(F) = Y BVa(d) with a;, B € N
j=1 1€1(Z0)

Therefore, there exist a1,...,am,31,...,0, € N such that 5 = 0 for | & I(Z)
and V f(Zo) + 3°72) ;Vhy(Zo) + 321, BiVai(Zo) = 0. Clearly, £1:(Zo) = 0 for all
le{1,...,p}. Hence (ii) and (iii) hold.

To prove (i), we need to show that 8; > 0 for all I € I(#). Suppose that G, < 0
for some Iy € I(Zy). If Py, (Zp) is the tangent plane to

Sty (Zo) ={& € D: h;j(Z) =0 for all j;¢,(F) =0 for all [ € I(&y) and I # Iy}

then the regularity of Zy for the constraints in Equation (1.1) yields the existence
of some § € Py, (Zo) such that Vg, (Zo)y < 0. By Theorem 3.7 applied to Sy, it
follows that there exists a derivate differentiable curve Z(t), a < t < b, in S;, with
f’(to) = gjand f(to) = Lfo. Thus,

FEO)my, = V(@07
m p
= =) oVhii— > BVa(io)j
j=1 =1

= —B, Vg, (Z0)y <O0.
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Since gy, is C! on D and since Z(t) is derivate differentiable on (a,b), we have
that

(44) g1, (E(t) = gio (To) + Vau, (Fo) (F(t) — To) + Sa (Fo, Z(t)) (T(t) — Fo)*,

and

Z(t) To + ' (to)(t — to) + Sa(to, t)(t — to)?

(4.5) To + (t — to)y + Sa(to, t)(t — to)?,

where Sy (%o, Z(t)) and §»2(tg,t) are bounded on D and (a,b), respectively. Sub-
stituting for #(t) — Zo from Equation (4.5) into Equation (4.4), we readily obtain
that

(4.6) 910 (F(t)) = g14(F0) + (t — t0) Vi, (F0)F + r2(to, t)(t — t0)?,

where |ra(to, t)| is bounded. Since Vg, (Zo)y < 0, then for ¢ close enough to to and
for t — tg > 0, we get ¢;,(Z(t)) < 0. Thus, Z(¢) is feasible for the constraints in
Equation (1.1) for ¢ near to and ¢ > to. Hence from f'(Z(t))[,_,, < 0, we obtain
a contradiction with the optimality of Zy for the constraints in Equation (1.1).
Therefore, 3; > 0 for all [ € I(#y); and hence 8; > 0 for all I € {1,...,p}.

Finally, to prove (iv), let ¥ € N™ be such that Vh;(Zo)y = 0 for all j €
{1,...,m}, Vg (Zo)y = 0 for all | € L and Vg, (Z)y < 0 for all I € I(Z) \ L.
Let I; = {l € I(%) : Vg (@)y = 0}. Then ¢ is in the tangent plane to the
constraint set

S, ={Ze€D:h;j()=0forall je{l,...,m} and g;(Z) =0foralll e ;}.
Again, by Theorem 3.7 applied to Sy,, it follows that there exists a derivate differ-

entiable curve Z(t), a <t < b, in Sy, with & (¢¢) = ¥ and Z(to) = Zo.
Now let [ € I(Zy) \ I1 be given. Then for all ¢ € (a,b), we obtain that

g1(Z(t))

91(To) + Vi (Zo)(Z(t) — Zo) + %(f(t) — Z0) V2 gu(%0) (£(t) — o)
+r3.1(Zo, Z(t))

= (t—to)Va(Zo)y+ §(t — t0)25" V21 (Z0)§ + Ra(to,t),

—_

where |R3(to,t)| < M3, |t — to|* for some constant Mz; > 0 in N, and where use
has been made of the fact that g; is C? at ¥y and #(t) is derivate differentiable at #,.
Since Vg (Zo)y < 0, we obtain that ¢;(Z(¢)) < 0 for all ¢ > ¢; in (a,b) sufficiently
close to tg. Thus, for all such ¢, Z(t) is a feasible point for the constraints and hence

—_

f(@o) < F(E(t) = f(Zo) + (t — to)Vf(Zo)F + = (t — to)?*§" V> f(Z0)F + Rs f(to, 1),

[\]

where

|Rs ¢ (to, )| < Ms ¢|t — to|* = Ms f(t — to)*
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for some constant M3 ; > 0 in N. Thus, for all ¢ > to in N, sufficiently close to t,
we have that

NI | q
(A7) 0 < (t—t)VF(@)7+ 5(t—to)? Tv2f< 0)§ + R s (to, 1)
(48) 0 = ayhy((t)) = ay(t — t0) Vhy (Fo)i+ oyt — 10)5 Vhs (Fo)g
+R3 hhag (to, ) forj=1,...,m
- Lo, 1 q N
(4.9) 0 = Bg(@t) = Bit —to)Vai(Zo)y + 5@ (t —t0)* 5" VZq1(Zo)y
+R3’gz,ﬁz (to,t) forl=1,...,p,
where

max 1 {|R37f(t07 t)l? |R3,hj,04j (t07 t)" ‘R?);gzﬁz (tO’ t)'} < MO(t - tO)ga

Jj=1,...mil=1,...,p
for some constant My € N.
Adding Equation (4.7), Equation (4.8) for j = 1,...,m, and Equation (4.9) for
l=1,...,p, and using (iii), we obtain that

1 y e . £ ) -
(41000 < S(t— t0)*57" | V(o) + D ;V2hy(To) + Y BiVai(Fo) |
j=1 =1

+R3 (t07 t)v

where
m

R3(to,t) = R ¢ (to, 1) +ZR3hJ,aJ(t0, +ZR3,gl,ﬁl(tht)
Jj=1 =1

and hence

|R3(to,t)| < M(t —ty)® for some constant M >0 in N.

If 47 <V2f(fo) + Z;’;l a;jV2h;(Zo) + >0, ﬁlvzgl(i‘o)) ¥ < 0, then Equation (4.10)
would yield a contradiction for 0 < ¢t — ¢y < 1/(2M). Thus,

gr | V2 £( ZO‘JV hji(Zo) +Zﬂlv2gl (Zo) | ¥ > 0.

= 1=1
O

In the following theorem, we present second order sufficient conditions for a
feasible point Zy to be a local minimum of a function f subject to the constraints
in Equation (1.1). It is a generalization of the real result [3] and reduces to it,
when restricted to functions from R™ to R. In fact, since € in condition (iv) below
is allowed to be infinitely small, the condition |Vh;(Zo)y] < € would reduce to
Vh;(Zo)y = 0, when restricted to R. Similarly, one can readily see that the other
conditions are mere generalizations of the corresponding real ones. However, the
proof is different than that of the real result since the supremum principle does not
hold in NV.

Theorem 4.3. Suppose that f, {h;}7,, {gi}]_, are C* on some open set D C N™
containing the point o and that Ty is a feasible point for the constraints in Equation
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(1.1) such that, for some ou,...,0m,B1,...,0p € N and for some ¢,y > 0 in N,
we have that

(i) B >0 foralll € {1,...,p},
(i) Bigi(Zo) =0 for alll € {1,...,p},
(i) VF(@o) + Yy 0y Vh;(@o) + S0, Big:(F) = 0. and

) 77 (V2 () + Ly 0 V2hy(@0) + S0y BiV201(0) ) 7 2 7 for all § €
N™ satisfying |§] = 1, |Vh;(Zo)y] < € forall j € {1,...,m}, [Vai(Zo)y| < €
foralll € L ={k: B >0} and Vg, (Zo)y < € for alll € I(Zy) \ L, where
Then Zy is a strict local minimum for f under the constraints of Equation (1.1).

(iv

Proof. Since D is open, there exists do > 0 in N such that Bs,(Zp) C D and
Corollary 2.13 holds for f, hj, g on Bj,(Zo) for all j € {1,...,m} and for all
l1e{l,...,p}. Forall € Bs,(Zp), we have by Corollary 2.13 that

(4.11) f@) = f(@)+ Vf(&o)(T — 7o)

8]

(412)  h(@) =

(4.13) 9(7) = g(Zo) + Vg (7o) (7 — 7o)

for all j € {1,...,m} and for all [ € {1,...,p}, where
(xO’ )

| Dnax {|Rs,(Z0, )|,
1<1<p

for some constant My € N.
Adding Equation (4.11), Equation (4.12) multiplied by «; for all j € {1,...,m},
and Equation (4.13) multiplied by §; for all I € {1,...,p}, we obtain that

P
(4.14) +Zaj )+ (&) = f (o +Zaj (o +Zﬂzgz o)
=1

=1

+ | V@) + ) a;Vhi(@o) + Y BiVado) | (- Fo)

j=1 =1
m p

(@ —20)" [ V2F(@0) + D a;V2hy(@) + Y BiVq(d0) | (& — 7o)
=1

=1

= f(T) + L (@ —7)" [ V2f(@0) + D a;VZh;(F0) + Y BiV2ai(F0) | (& — o)
=1

=1
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where we have made use of (ii) and (ili) and the fact that h;(Zy) = 0 for all
j€{l,...,m}, and where

m p
Ry(%0,7) = Ry (%0, %) + > Ry, (T0,7) + Y _ BiRs.g, (Fo, 7).

j=1 =1

Thus, |Rs(Zo,Z)| < M |Z — Zo|*, where

m p
(4.15) M=1+> lajl+> |8 Mo.
j=1 =1

Now suppose that &y is not a strict local minimum for f under the constraints
of Equation (1.1) and let ¢ € N be such that d* < &y, where d is the infinitely
small number defined in the introduction. Then for all k& € N, there exists ¢ €
B+ (Z0) \ {Zo} C Bs,(%o) such that g, is feasible and f(¢) < f(Zo). Thus, the
sequence {y }ren converges to Ty. For each k € N, write g, = Ty + x5k, where
|5%] =1 and 0 < 6 < d*** < d*. Then {6} is a null sequence in N.

For all k£ € N, we have that

h;(4x) = hj(Zo) + Vh;(Zo)(yx — To) + Ran, (To, y) for all j € {1,...,m},
where
|Ro.p, (Zo, 5)| < Mo, |Gk — Tol* = Moy, 02,
for some My, > 0 in NV, by Corollary 2.11. Thus, for all j € {1,...,m},
0 =0+ Vh;(%0)0x5k + Ra,n,; (Zo, Uk),
or
 Ron, (%o, k)

Vh;(Z0)dh = 5.

Thus,

R Zo, Ui
Vh; (T0)5] < [Bap, o, )] s
6k ] k—oo
Hence, there exists N7 € N such that

€Bq

4m/|oy|

|Vh;(Z)Sk| < min {e, min {

}} for all K > Ny and for all j € {1,...,m}.
qeL

Also, for all k£ € N, we have that
f(Zo) = f(¥k) = f(Zo) + V f(Z0) (Y — To) + Ra, ¢ (Zo, Yi),

where
| Ro, (%0, k)| < Moy |G — Zo|* = Mo, ¢33,
for some Mj y > 0 in NV, by Corollary 2.11. Thus,

Ro (o, Gk) | 0

V f(Z0)0kSk + Ro,¢(Zo, i) <0, or Vf(Z)5, < — 5 e

Hence, there exists Ny € N such that

V f(Zp)5, < min {qu} for all £k > Ns.

qeL

Moreover, for all I € I(Zy), we have for all k£ € N that
0> gi1(9k) = 91(Zo) + Vgi(Z0)0x 5k + Ra,g, (Z0, Uk) = Vgi(Z0)0r5k + Ra,g,(Zo, Yr),
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where
|R2’gz (f()v gk)‘ < M2,91,5137
for some Mj g, > 0 in N. Thus,

Ragy (o)

SN o
Vgi(%o)5r < 5 e

Hence, there exists N3 € N such that, for all £k > N3,

Vg1(%y)5, < min {W} for all I € L and Vg, (%)3, < € for all | € I(%) \ L.
acL | 4pBy

Let N > max{Ny, N2, N3} be such that Md"™ < /2, where M is as in Equation
(4.15). Then

(4.16) |Vh;j(Zo)sn| < min{e,min{ Oy }} for all j € {1,...,m},

qeL | 4m|a;|
S\ o [ €y
(4.17)  Vf(@)din < 161%111;1{4},
By

(4.18)  Vag(Zo)Sn < min{ } foralll € L,

4pf
(4.19)  Va(@)sdny < eforallle I(Z)\ L.

Two cases are to be considered.
Case 1: Assume that Vg;(Zp)sy > —e for all I € L. Then it follows from
Equation (4.18) that
|Vagi(Zo)Sn| < eforallle L.

Also, from Equation (4.16), we have that
‘th(f())g]\[‘ < € for al]j S {1, . ,m}.

Thus condition (iv) of the theorem entails that
m p

(4.20) S | VEF@E0) + D VPhy(@) + Y BV (@) | Sy > .
j=1 =1

On the other hand, replacing & by yv = Zo + dnSy in Equations (4.14) and
using the fact that ¢ is feasible, we obtain that

f(@) > f@y) = FEn)+ Y ash;(in)
j=1

Y

m P
FEN) + Y ahi i) + Y Bigi(in)
j=1 =1
1 - .
= [(@)+ 5512\78_% V2 f (o) + ZO&jVth(fo) + Zﬁlvzgl(fo) SN
j=1 =1
+R3(f0agN)7

from which we obtain that

2R3(Zo, yn)

m P
S | VA @0) + Y05 VPhy(do) + > AV ai(To) | By < -
N

j=1 =1
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where
|R3(Zo, gn)| < Mg — Zo|® = M6
Thus,
2R3(Zy, 1
—W < 2Mdy < 2MdYN < ~.
N

It follows that

[ V2 f( —l—ZajV h;(Zo) —I—Zﬁlvzgl (Zo) | Sv <,
Jj=1 =1
which contradicts Equation (4.20).
Case 2: Assume that Vg, (Z9)Sy < —e for some lyp € L and let Lo = {l € L :
Vi, (Z0)Sn < 0}. Then, using Equation (4.17) and condition (iii) of the theorem,
we have that

(4 21)& > Vf(fo)gj\l

= —Za]Vh xo SN — Z BlVgl xo Sy — Z ﬁlvyl xo
leL\Lo leLgy
> _Zathj(fO)gN — Z 61Vgl(50)§N + €ﬁlo~
Jj=1 ZEL\L(]

But, using Equation (4.16), we have that

m
— 3" @V (@0)dn| < ZIaJIIVh Zo SN|<Z|0‘J| {4m|a|}
j=1 ’
" B, €31,
< - = .
< 21l ey =
j=1
Hence
m ol €
(4.22) =D 0 Vh;(#o)3n > — ilo'

j=1
Also, using Equation (4.18), we have that

Z BiVgi(Zo)5n Z AiVa(To)sn < Z queL{4pﬁl}

1L\ Lo leL\Lo leL\Lo
- > mp{ e
leNLo 1 p
Hence
(4.23) - Y BVa(Eo)in > _ Py,
4
leL\ Lo

Substituting Equation (4.22) and Equation (4.23) into Equation (4.21), we obtain
that

B, B, By Bi

1~ 1 1 The=
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a contradiction since f;, > 0. Thus, &y is a strict local minimum for f over the
constraints of Equation (1.1). O

Example 4.4. Minimize
f(z1, 00, 23) = dwa + drg — 1122 — 1123 — T2T3,

subject to the constraints

T1+x9 = 2+4+d
zy < 14d
(4.24) < 2
zz3 < 3—d+2d?+5d3,

where d is the infinitely small number defined in the introduction.

For the function f to have a local minimum at a regular point Zy = (21, 2o, r3)7
subject to the constraints in Equation (4.24), the necessary conditions of Theorem
4.2 must hold at Zy. The first order conditions of that theorem entail that there
must exist o, 31, 32,33 € N such that

B >0forl=1,23,
ﬁl(xlflfd)io,

B2(z2 —2) =0,

(4.25) Bs(ws — 3+ d — 2d% — 5d3) = 0,
—x —x3+a+ P =0,
d—z1—23+a+P2=0,
d*I17I2+ﬂ3:0.

Using the constraints in Equation (4.24), a close inspection of the conditions in
Equation (4.25) shows that those conditions are simultaneously satisfied only at

r1=1+d,

LEQZL

3 =3 —d+ 2d% + 5d°,
(4.26) a=4—d+2d*+5d3,

B =0,

B2 =0,

B3 = 2.

With &y = (1 +d, 1,3 — d + 2d*> + 5d%)7, and using the notations of the proof of
Theorem 4.3, we have here I(Zy) = {1,3} and L = {3}. Since Vh(Zy), Vg1(Zo)
and Vg3(Zp) are linearly independent, the point & is regular for the constraints.

To show that % is indeed a strict local minimizer of f subject to the constraints
in Equation (4.24), it remains to show that condition (iv) of Theorem 4.3 holds at
Zo for the choices of a, f1, B2, f3 in Equation (4.26). Let ¢ = d and v = 1/2. Then
for all 7 € N3 satisfying |7] = 1, |[VA(Z0)7] < €, |[Vg3(Z0)F] < € and Vg1 (Zo)7 < €,
we have that

Yitys+y5 =1y +ye| <dlys| <d, and y1 < d.
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It follows that
3

7" V2 (@) + aVPh(To) + Y BV auEo) | ="V f(F0)§
=1

0O -1 -1 Y1
= (Wy2y3)| -1 0 -1 Y2
-1 -1 0 s

—2Y1Y2 — 2y1Y3 — 2Y2Y3

= —(y1+y2+ys)+ (Z/f +y5 + 992,)
1— (1 +y2 +ys)°

1—(y1+v2)* — v35 — 2us(y1 + v2)

> 1= |y +yal> = [ysl® — 2lysllys + vol
> 1-d?—d?>—2d%2 =1 — 4d>
> 1 =

2~ T

Thus the conditions of Theorem 4.3 are satisfied at Zy, and hence Iy is a strict local
minimizer of f under the constraints in Equation (4.24).

Remark 4.5. In the ezample above, any infinitely small eq can replace d and any
positive real number v smaller than 1 can replace 1/2 in showing that condition
(iv) of Theorem 4.8 holds. This is so since 1 — €2 >~y for all such ey and ~o.
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