ONE-DIMENSIONAL OPTIMIZATION ON NON-ARCHIMEDEAN
FIELDS

KHODR SHAMSEDDINE AND VERA ZEIDAN

ABSTRACT. One dimensional optimization on non-Archimedean fields is pre-
sented. We derive first and second order necessary and sufficient optimality
conditions. For first order optimization, these conditions are similar to the
corresponding real ones; but this is not the case for higher order optimization.
This is due to the total disconnectedness of the given non-Archimedean field in
the order topology, which renders the usual concept of differentiability weak.
We circumvent this difficulty by using a stronger concept of differentiability
based on the derivate approach, which entails a Taylor formula with remainder
and hence a similar local behavior as in the real case.

1. INTRODUCTION

Let K be a totally ordered non-Archimedean field extension of R. We introduce
the following terminology.

Definition 1.1 (~, =, <, H, \). For z,y € K, we say z ~ y if there exist n,m € N
such that n|z| > |y| and m|y| > |z|; for nonnegative x,y € K, we say that x is
infinitely smaller than y and write z < y if nx < y for all n € N, and we say
that x is infinitely small if * < 1 and z is finite if x ~ 1; finally, we say that = is
approximately equal to y and write = y if z ~ y and |z — y| < |z|. We also set
A(z) = [z], the class of z under the equivalence relation ~.

The set of equivalence classes H (under the relation ~) is naturally endowed with
an addition via [z] + [y] = [z-y] and an order via [z] < [y] if |y| < |z| (or |z] > |y|),
both of which are readily checked to be well-defined. It follows that (H,+, <) is a
totally ordered group, often referred to as the Hahn group or skeleton group, whose
neutral element is the class [1]. It follows from the above that the projection A from
K to H is a valuation.

The theorem of Hahn [3] provides a complete classification of non-Archimedean
extensions of R in terms of their skeleton groups. In fact, invoking the axiom of
choice it is shown that the elements of any such field K can be written as formal
power series over its skeleton group H with real coefficients, and the set of appearing
?exponents” forms a well-ordered subset of H. The coefficient of the gth power in
the Hahn representation of a given x will be denoted by z[q], and the number d will
be defined by d[1] = 1 and d[g] = 0 for ¢ # 1. It is easy to check that 0 < d? <« 1 if
and only if ¢ > 0, and d? > 1 if and only if ¢ < 0; moreover, = ~ z[\(z)]d*®) for
all x # 0.
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From general properties of formal power series fields [7, 9], it follows that if H
is divisible then K is real-closed. For a general overview of the algebraic properties
of formal power series fields, we refer to the comprehensive overview by Ribenboim
[10], and for an overview of the related valuation theory the book by Krull [4]. A
thorough and complete treatment of ordered structures can also be found in [8].

Throughout this paper, N will denote any totally ordered non-Archimedean field
extension of R that is order complete and whose skeleton group G is Archimedean;
i.e. a subgroup of R. The smallest such field is the field of the formal Laurent
series whose skeleton group is Z; and the smallest such field that is also real-closed
is the Levi-Civita field R, first introduced in [5, 6]. In this case H = Q, and for any
element x € R, the set of exponents in the Hahn representation of z is a left-finite
subset of Q, i.e. below any rational bound r there are only finitely many exponents.

The Levi-Civita field R is of particular interest because of its practical usefulness.
Since the supports of the elements of R are left-finite, it is possible to represent
these numbers on a computer [1]. Having infinitely small numbers, the errors in
classical numerical methods can be made infinitely small and hence irrelevant in all
practical applications. One such application is the computation of derivatives of
real functions representable on a computer [12], where both the accuracy of formula
manipulators and the speed of classical numerical methods are achieved.

In the light of such practical usefulness of infinitely small numbers, it is natural
to study optimization questions on non-Archimedean fields with the hope to extend
the methods mentioned in the previous paragraph to find local extrema of func-
tions as closely as allowed by machine precision. In this paper, we study general
optimization questions and derive first and second order necessary and sufficient
conditions for the existence of local maxima and minima of a function on a convex
subset of a non-Archimedean field N'. We show that for first order optimization, the
results are similar to the corresponding real ones. However, for second and higher
order optimization, more work needs to be done: We show that conventional differ-
entiability is not strong enough to just extend the real-case results; and a stronger
differentiability concept will be used to solve that difficulty. We also characterize
convex functions on convex sets of A/ in terms of first and second order derivatives.
As we will see, some of the results known for the real case will be extended in the
same format to our setting; however, other results will be proved under a mild extra
assumption which is automatically satisfied in the special case of continuation of
real functions.

Remark 1.2. Throughout this paper, results whose proofs are very similar to those
of the corresponding real-case ones will just be stated without proof.

2. FIRST ORDER OPTIMIZATION

In this section, we prove first order optimization results similar to the real cor-
responding ones; and we show with examples that for higher order optimization,
conventional differentiability is not sufficient to generalize the results from R to .
In the following, I(a,b) will denote any one of the intervals (a,b), (a,b], [a,b) or
[a,b]. We have the following useful results.

Proposition 2.1. Leta < b in N be given, and let f : I(a,b) — N be differentiable
on I(a,b) and have a local minimum (resp. local mazimum) at xo € I(a,b). Then
there exists 6 > 0 in N such that f'(x¢) (x — xo) > 0 (resp. <0) for all x € I(a,b)
satisfying |z — zo| < 4.
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Corollary 2.2. Let a < b in N be given, and let f : I(a,b) — N be differentiable
on I(a,b) and have a local extremum (mazimum or minimum) at xo € (a,b). Then

f(x0) = 0.

However, contrary to the real case, the following example shows that a func-
tion having a local minimum at a point z¢ € (a,b) C N need not have the first
nonvanishing derivative positive and of even order.

Example 2.3. Let g : (—1,1) — A be given by g(z)[¢] = z|¢/3] and let f :
(=1,1) — N be given by f(x) = (g(z))>—z". Then g is infinitely often differentiable
on (—1,1) with g¥)(z) = 0 for all j € N and for all z € (—1,1). Indeed, it suffices
to show that ¢ is differentiable on (—1,1) with ¢’(z) = 0 for all z € (—-1,1). We
first observe that g(z +y) = g(x) + g(y) for all z,y € (—1,1). Now let = € (—1,1)
and € > 0 in A be given. Let § = min{e,d}, and let y € (—1,1) be such that
0<|y—=z| <d. Then

9w) —g@)| _ |9y —=)

y—=x y—x
Since |y — z| < min{e,d}, we obtain that (y — z)?> < € both when ¢ is finite and
when e is infinitely small. Hence

9(y) — 9(x)

y—x

It follows that f is infinitely often differentiable on (—1,1) with f()(0) = 0 for
all j € {1,...,6} and f(7(0) = —7!. We show that f has a relative minimum at
0. Let 2 € (=1,1) be such that || < 1. Then (g(z))* ~ (z[A(z)])*d**® and
27| = |z[A(@)]|]" d® < (z[A(@)])? d®®). Hence f(z) = (z[Mx)])*d>® > 0 =
f(0). This is true for all x € (—1,1) satisfying |z| < 1. Hence f has a (strict) local
minimum at 0.

2 3

since g(y — z) ~ (y — x)°.

~ (y — )

< eforall y € (—1,1) satisfying 0 < |y — z| < 4.

Remark 2.4. FEven though ¢'(z) = 0 for all x € (—1,1), g is not constant; g
is even strictly increasing on (—1,1). Moreover, g is neither convex nor concave

n (=1,1) by Proposition 2.9 and the corresponding result for concave functions,
since g(d) = d® > 0 = g(0) + ¢'(0)d and g(—d) = —d® < 0 = g(0) + ¢'(0)(—d).
Finally, it is easy to check that g is a nontrivial order preserving field automorphism
on N; this situation is limited to the case of mon-Archimedean fields since it is
well-known that the only order preserving field automorphism on any given totally
ordered Archimedean field is the identity mapping [11].

Also, contrary to the real case, the following example shows that a function that
is 2k-times differentiable on an open interval (a,b) containing the point zg, with
f9)(xg) = 0 for all j € {1,...,2k — 1} and £ (xq) # 0, need not have a local
extremum at xg.

Example 2.5. Let g: (—1,1) — A be as in Example 2.3, and let f: (-1,1) = N
be given by f(z) = g(z) — 2*. Then f is four times differentiable on (—1,1) with
F1(0) = f"(0) = f(0) = 0 and f((0) = —24.
Now let 2 € (—1,1) be such that |z| < 1. Then g(z) ~ x[\(2)]d***®) and
ot~ (A (@) dP ) < [z (@)]] 3. Thus,
ey [ > f0) ifO<z<1
‘mwzﬂM@W(){<f&;ﬁO<—x<l;
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and hence f has no local extremum at 0.

In Section 3, we introduce a stronger notion of differentiability based on the
derivate concept [11, 2] and show that, for local extrema, this notion furnishes
necessary and sufficient conditions analogous to those of the real case.

Definition 2.6 (Convex and Concave Functions). Let a < b be given in N and
let f:I(a,b) — N. Then we say that f is convex on I(a,b) if f (tz + (1 —t)y) <
tf(z) + (1 —1t)f(y) for all z,y € I(a,b) and for all ¢ € [0,1]. If the inequality is
strict for all x # y in I(a,b) and for all ¢t € (0,1), we say that f is strictly convex
on I(a,b). Finally, we say that f is concave on I(a,b) if —f is convex on I(a,b).

The following result gives some geometric interpretation to Definition 2.6.

Proposition 2.7. Let a < b be given in N, let f : I(a,b) — N, and let S(a,b, f) C
I(a,b) x N be defined by S(a,b, f) = {(z,7) : 7 € N and f(x) < r}. Then f is
convex on I(a,b) if and only if S(a,b, f) is convex.

Proposition 2.8. Let a < b be given in N'. Then the following are true.
(1) If f1, f2 : I(a,b) — N are convex then so is afy + Bf2 for all a > 0 and for
all 3>0in N.
(2) If f: I(a,b) — N is convez then, forc e N, T, = {x € I(a,b) : f(z) < c}
is a convex subset of I(a,b).

Proposition 2.9. Let a < b be given in N and let f : I(a,b) — N be differentiable.
Then f is convex (resp. strictly convex) on I(a,b) if and only if f(y) > f(x) +
f'(@)(y — =) (resp. f(y) > f(x) + f'(x)(y — x)) for all x,y € I(a,b).

Corollary 2.10. Let a < b be given in N and let f : I(a,b) — N be differentiable
on I(a,b). If f is convex (resp. strictly convex), then f’ is nondecreasing (resp.
strictly increasing) on I(a,b).

The converse of Corollary 2.10 is not true as the following example shows.

Example 2.11. Let g : (—1,1) — N be as in Example 2.3 and let f : (0,1) — A be
given by f(x) = —g(z) +2*. Then f is differentiable on (0, 1), with f’(z) = 423 for
all z € (0,1); and hence f’ is strictly increasing on (0,1). But f(d) = —g(d) +d* =
—d3+d* < 0= f(0)+ f'(0)d, and hence f is not convex on (0,1) by Proposition
2.9.
Theorem 2.12. Let a < b be given in N, let f : I(a,b) — N be conver and
differentiable on I(a,b), and let xo € I(a,b) be given. Then the following are
equivalent:

(1) f has a local minimum at xy.

(2) f has a global minimum at .

(3) f'(zo)(x —x0) >0 for all x € I(a,b).
Proposition 2.13. Let a < b be given in N and let [ : I(a,b) — N be twice
differentiable on I(a,b). If f is convez, then f"(x) >0 for all x € I(a,b).

Proof. Suppose that f is convex on I(a,b); then f’ is nondecreasing on I(a,b) by
Corollary 2.10. Now we show that f”(x) > 0 for all z € I(a,b). Suppose not. Then
there exists zo € I(a,b) such that f”(x¢) < 0. Thus there exists § > 0 in N such

that ’ ’ "
f'(x) — f'(wo) _fll(xo) < —f (x(]),

T — T 2
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from which we infer that

f'(@) = ['(20)

< 0 for all z € I(a,b) N (xg — d,x0 + ).
r — X

This contradicts the fact that f’ is nondecreasing on I(a,b). O

The converse is not true as the following example shows.

Example 2.14. Let f : (—1,1) — N be as in Example 2.11. Then f is twice
differentiable on (—1,1) with f”(x) = 1222 > 0 for all z € (—1,1). But f is not
convex on (—1,1) as was shown in Example 2.11.

In the following section, we show that under the stronger concept of derivate
differentiability and an additional mild condition, the converses of Corollary 2.10
and Proposition 2.13 will be true.

3. DERIVATE CONTINUITY AND DIFFERENTIABILITY

In this section, we employ stronger concepts of continuity and differentiability
based on which we obtain, in Theorem 3.13, a Taylor formula with remainder [11, 2].
This in turn will allow us to prove high order optimization results similar to the
corresponding ones in the real case.

Definition 3.1. Let a < b be given in A and let f : I (a,b) — N. Then we say
that f is derivate continuous on I (a,b) if there exists M € N, called a Lipschitz
constant of f on I (a,b), such that
‘f(y)f(:z:)‘ <M forall z #yin I (a,b).
y—x
It follows immediately from Definition 3.1 that if f : I (a,b) — N is derivate
continuous on I (a,b) then f is uniformly continuous and bounded on I (a,b).

It we define, ro(z,y) = (f(y) = f(2)) /(y — x) for y # x and ro(z,z) = 0, we
readily obtain the following useful result [11, 2].

Lemma 3.2 (Remainder Formula 0). Let a < b in R and let f : I(a,b) - N
be derivate continuous on I (a,b) with Lipschitz constant M. Then for oll x,y €
I (a7 b)7 we have that f (y) = f (LU) + 1o (LU, y) (y - J?) ’ with A (TO (x,y)) > A (M)

The proofs of Proposition 3.3 and Proposition 3.4 are straightforward; see [11].

Proposition 3.3. Let a < b be given in N, let f,g : I(a,b) — N be derivate
continuous on I (a,b), and let « € N'. Then f+ag and f-g are derivate continuous
on I (a,b).

Proposition 3.4. Let a < b and ¢ < e in N be given, and let f : I(a,b) — N
and g : Is(c,e) — N be such that f (I1(a,b)) C Ia(c,e), [ is derivate continuous on
I1(a,b) and g derivate continuous on Is(c,e). Then go f is derivate continuous on
Il (a, b)

Theorem 3.5. Let a < b be given in N and let f : I(a,b) — N be derivate
continuous on I (a,b). Then there exists a unique function g : [a,b] — N, derivate
continuous on [a,b], such that g|rp = f-
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Proof. We may assume that I (a,b) # [a, b]. First assume that I (a,b) = (a,b]. Let
fo=1lim, o f (a4 d"(b— a)), which exists [11] because f is uniformly continuous
on (a,b] and N is order complete. Define g : [a,b] — N by g (z) = f (z) if x € (a, ]
and g(a) = fo. It remains to show that g is derivate continuous on [a, b]. Let M be
a Lipschitz constant of f on (a,b] and let x # y in [a, b] be given. Without loss of
generality, we may assume that z < y. First assume that a < z, then z,y € (a,b],
and hence

9(y) —g(z)
y—x
Now assume that z = a. There exists N € N such that d¥(b —a) < y —
aand |f(a+d¥(b—a))—g(a)] < M(y—a). Then it follows that 0 < y —
(a+d™(b—a)) <y—a; and hence

f(y)—f(a+dN(b—a))‘+|f(a+dN(b—a))—g(a)

:’f(y)—f(m)‘§M<2M_
y—

IN

‘g(y)g(w)
y—a

y—a y—a

)= fa+d"¥(b—a))
y—(a+dN(b—a))

+M <M+ M=2M.

Hence g is derivate continuous on [a, b] with Lipschitz constant 2M, and g|(q5 = f.
Similarly, we can show that the result is true for the cases when I (a,b) = [a,b)
and I (a,b) = (a,b). O

Using an argument similar to that in the proof of Theorem 3.5, we obtain the
following result.

Corollary 3.6. Leta < b be given in N, let g € I(a,b), and let f : I (a,b)\{zo} —
N be derivate continuous on I (a,b) \ {zo}. Then there exists a unique function
g:1(a,b) — N, derivate continuous on I(a,b), such that g|r(p)\ (2o} = [

Definition 3.7. Let a < bbe givenin N, let f : I (a,b) — N be derivate continuous

on I (a,b), and let Ip denote the identity function on I(a,b). Then we say that
f is derivate differentiable on I (a,b) if for all € I (a,b), the function %_(2) :

I(a,b) \ {z} — N is derivate continuous on I(a,b) \ {z}. In this case the unique
continuation of %ﬁ? to I(a,b), obtained by Corollary 3.6, will be called the first
derivate function (or simply the derivate function) of f at x and will be denoted

by Fi ,; moreover, the function value F ,(x) will be called the derivative of f at x
and will be denoted by f'(x).

It follows immediately from Definition 3.7 that if f : I (a,b) — N is derivate
differentiable then f is differentiable in the conventional sense; moreover, the two
derivatives at any given point of I(a, b) agree. Also, using Definition 3.7 and Lemma
3.2, we obtain the following result [11, 2].

Lemma 3.8 (Remainder Formula 1). Let a < b be given in N and let f : I (a,b) —
N be derivate differentiable on I (a,b). Let x € I(a,b) be given, let Fy, be
the derivate function of f at x, and let My, be a Lipschitz constant of Fy, on
I(a,b). Then for all y € I(a,b), we have that f(y) = f(z) + f' (z) (y —z) +
r (@) (y — )%, with A(ry (2,9)) > A (My.0).

The proof of the following theorem is similar to that of the corresponding real
case result; see [11].
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Theorem 3.9. Let a < b be given in N, let f,g: I (a,b) — N be derivate differen-
tiable on I (a,b), and let « € N'. Then f + ag and f - g are derivate differentiable
on I (a,b), with derivatives (f +ag) = f'+ag and (f-g) =f g+ f-4.
Theorem 3.10 (Chain Rule). Let a < b and c < e in N, and let f: I(a,b) = N
and g : Is(c,e) — N be such that f(I1(a,b)) C Izx(c,e), f is derivate differen-
tiable on I1(a,b) and g derivate differentiable on I3(c,e). Then g o f is derivate
differentiable on I1(a,b), with derivative (go f) = (¢' o f)- f'.
Proof. Let x € I (a,b) be given, and let H, : D — N be given by

(gof)(y;:(gof)(m) if y #

H, (y) = ’ .
g (f(@)f(x) ify=x
Then

()

9 W) —g(f(x)) fy)=F(x) ;¢ y+#zand f(y) #
= f(z)

T~ (@) =
if y # x and [ (y)
g (f (@) f" (z) if y =a
G (F () Frz (v)

where F ;. is the derivate function of f at z, and G ¢, the derivate function of g at
f (). Hence Hy = (G4 f(z) © f)-Fi1,0. Since f is derivate continuous on I (a, b) and
since Gy, ¢(z) is continuous on I5(c, ), we have by Proposition 3.4 that (Gl,f(:c) ) f)
is continuous on I;(a,b). Since Fy, is continuous on I;(a,b), so is (Gl,f(x) o f) .
Fy , = H, by Proposition 3.3. Hence (g o f) is derivate differentiable on I(a,b),
with derivative (g )/ () = H, (2) = ¢/ (/ (2)) ' (2) = (¢ 0 f) - ') () for al
x € I(a,b). O

f
H, (y) f

The following result provides a useful tool for checking the derivate differentia-
bility of functions.

Theorem 3.11. Let a < b be given in N and let f : I(a,b) — N be derivate
continuous on I(a,b). Suppose there exists M € N and there exists a function
g:1(a,b) = N such that
fly) = (=)

y—x
Then f is derivate differentiable on I (a,b), with derivative ' = g.

Proof. Tt suffices to show that for all x € I (a,b), the function Fy , : I (a,b) — N,
given by

—g(z)| < M|y—=z| forally#x in I (a,b).

f(y;:ic(w) ify+#a
Fl,ﬂc (y) = )
g(z) ify=a
is derivate continuous on I (a,b). It is sufficient to show that for all z € I (a,b),
we have that |Fy . (y) — Fi. (2)] < d7*M|y — 2| for all y # z in I (a,b). So let
x € I (a,b) be given; and let y # z in I (a,b). Four cases are to be considered.
Case 1: Assume y = . Then

[Fle (W) = Fie ()] = [Fie(z) = FLe(2)] = |9 (2) -

< Mz —z|=Mly—zl <d My — 2|

f(z) = f (=)

Z—T
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Case 2: Assume z = z. As in case 1, we have that |Fi, (y) — Fi,(2)] <
Mly — z| < d 1Mly — z|.

Case 3: Assume y # 2 # z and |y —z| € |y—2|. Then |y —z| € |z —«|;
for if ly—z| < |z—x|, then l[y—z| = ly—z+(z—2a)] = |z—z] > |y—2], a
contradiction. Thus,

Fua)- P @) s [TOLE ) 4 [LEZIE )
< Mly—z|+M|z—2|<d 'Mly— 2|

since d~! |y — z| > |y — x| + |z — x|
Case4: Assumey #ax #zand |y —z| < |y—z|. Thenz—z =z—y+(y —z) =
y —x. Thus

Fro(y) — Fuo ()] = f(y;_if(x) B f(zi:ic(x)
_|y-z ‘f(y)—f(Z)_f(Z)—f(x)
y—x y—z Z—x
y—z| (|F) — f(z) ()~ f(@)
< || (|HLE L g 4 | L2 )
< zj;Muy—zmz—xn.

Since |z — z| &~ |y — x|, we obtain that |z — 2| < d~1 |y — 2| /2. Also, since |y — 2| <
|y — x|, we obtain that |y — 2| < |y — z| < d~! |y — 2| /2. Therefore,

|F1a (y) = Frz (2)] <

y_z‘ Md ™y —a|=d "My —z|;
y—
which finishes the proof of the theorem. O

Definition 3.12 (n-times Derivate Differentiability). Let a < b be given in A/, and
let f:1(a,b) > N. Let n > 2 be given in N. Then we define n-times derivate
differentiability of f on I (a,b) inductively as follows: Having defined (n — 1)-times
derivate differentiability, we say that f is n-times derivate differentiable on I (a, b)
if fis (n — 1)-times derivate differentiable on I (a,b) and for all 2 € I (a,b), the
(n — 1)st derivate function F,,_; , is derivate differentiable on I (a,b). For all z €
I (a,b), the derivate function F,, ; of F,_1, at = will be called the nth derivate
function of f at x, and the number £ (z) = nlF},_; .(z) will be called the nth

derivative of f at  and denoted by f(™)(z).

Using Lemma 3.8 and induction on n, we readily obtain the following result
[11, 2].

Theorem 3.13 (Taylor Formula with Remainder). Let a < b be given in N and
let f: I(a,b) — N be n-times derivate differentiable on I (a,b). Let z € I (a,b)
be given, let F, , be the nth order derivate function of f at x, and let M, , be a
Lipschitz constant of Fy, , on I(a,b). Then for ally € I (a,b), we have that

f(j) ()
4!

(y—a) + 7 (2,y) (y — )",

f(y)=f(ﬂf)+z

with A (1 (2,y)) > A (Mpz).
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4. HIGHER ORDER OPTIMIZATION

Theorem 4.1 (Necessary Conditions for Existence of Local Extrema). Let a < b
be given in N, let m > 2, and let [ : I(a,b) — N be m-times derivate differentiable
on I(a,b). Suppose that f has a local extremum at xo € (a,b) and I < m is the
order of the first nonvanishing derivative of f at xg. Then [ is even. Moreover,
f(l)(xo) 18 positive if the extremum is a minimum and negative if the extremum is
a maximum.

Proof. Let M, ,, denote a Lipschitz constant for the /th derivate function of f at
xo. By the Taylor formula, Theorem 3.13, we have for all € I(a,b) that

0 (4
()~ Flao) = L0

with A (ry(zo,z)) > A (M) 4,)- Let § > 0 in N be such that
A®)>A<ﬂ”@@)—AU%@Jami@o—&xy+®c(m®.
Then for all z € (29 — §, 20 + §), we have that
A(11(w0,2) (@ = 20)) 2 A (Mi,a8) = A (M) + A(6) > A (£ (20))
Thus, A (ri(zo, z)(z — 20)*1) > A (fO(0)(z — 20)'/(1!)); and hence

O]
(@1 f) ~ fao) ~ T
We show that j is even. Suppose not. Then from Equation (4.1), we obtain
that f(xz) — f(xo) changes sign as x — xo crosses 0, which contradicts the fact
that f has an extremum at xg. Thus, j is even. It follows, again from Equation
(4.1), that f(x) > f(xo) for all x # z¢ in (xg — J, 2o + ) and hence f has a local
minimum at zg if f(j)(aco) > 0. On the other hand, f has a local maximum at xq
it £0)(2) < 0. -

Theorem 4.2 (Sufficient Conditions for Existence of Local Extrema). Let a < b
be given in N, let k € N, and let [ : I(a,b) — N be 2k-times derivate differentiable
on I(a,b). Let xg € (a,b) be such fU)(xo) = 0 for all j € {1,...,2k — 1} and
f@¥)(x0) # 0. Then f has a local minimum at zo if f**(z¢) > 0 and a local
mazimum if £ (z4) < 0.

(x — zo)! + ri(zo, x)(z — zo) L
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(z — x0)! for all z # o in (xo — 0,20 +9).

Proof. The proof is done making use of the remainder formula, Theorem 3.13, just
as in the proof of Theorem 4.1. O

The function f in Example 2.11 or Example 2.14 is twice derivate differentiable
on (—1,1). Hence the converses of Corollary 2.10 and Proposition 2.13 are not true
even under the stronger concept of derivate differentiability. We note here that even
though the function ¢ in Example 2.3 was shown to be infinitely often differentiable
in the conventional sense, it is only twice (but not three times) derivate differen-
tiable. In the following, we show that under a mild condition on the remainder, the
converses of Corollary 2.10 and Proposition 2.13 will be true.

Proposition 4.3. Let a < b be given in N and let f : I(a,b) — N be derivate
differentiable on I(a,b) with ri(z,y)ri(z,w) > 0 (resp. > 0) for all z,y,z,w €
I(a,b). Then f is convex (resp. strictly convez) if and only if f' is nondecreasing
(resp. strictly increasing) on I(a,b).
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Proof. If f is convex (resp. strictly convex) then f’ is nondecreasing (resp. strictly
increasing) on I(a,b) by Corollary 2.10. Now suppose that f’ is nondecreasing
(resp. strictly increasing) on I(a,b) and let @ # y in I(a,b) be given. Then,
using the remainder formula 3.8, f(y) = f(z) + f'(z)(y — ) + r1(z,y)(y — x)?
and f(z) = f(y) + f'(y)(x —y) + r1(y, z)(z — y)?. Adding the last two equalities,
we get that f'(y) — f'(z) = (ri(x,y) + r1(y,x)) (y — z). Since f’ is nondecreasing
(resp. strictly increasing) on I(a,b), we obtain that ri(x,y) + r1(y,x) > 0 (resp.
> 0). Also, r1(z,y)r1(y,z) > 0 (resp. > 0) by the hypothesis of the proposition.
Hence r1(z,y) > 0 (resp. > 0) and 71(y,2) > 0 (resp. > 0). It follows that
fy) = f(x) + f'(x)(y — ) (resp. f(y) > f(x) + f'(z)(y — x)). Since this is true
for all z,y € I(a,b), f is convex (resp. strictly convex) on I(a,b) by Proposition
2.9. [

Remark 4.4. The condition in Proposition 4.3 is automatically satisfied for func-
tions that are continuations of real differentiable functions with nondecreasing (resp.
strictly increasing) derivatives; and hence it is not a magjor restriction.

Proposition 4.5. Let a < b be given in N and let f : I(a,b) — N be twice derivate
differentiable on I(a,b) with r1(z,y)r1(z,w) >0 for all z,y,z,w € I(a,b). Then f
is convex on I(a,b) if and only if f"(x) > 0 for all x € I(a,b).

Proof. If f is convex then f”(z) > 0 for all € I(a,b) by Proposition 2.13. Now
suppose that f”(x) > 0 for all © € I(a,b). Then for all z,y € I(a,b), we have that
F() = F@)+ @) =) +r1(5,9)(y—2)* = F2)+ (@) (y—2)+ 1" () (y—2)2/2+
ro(z,y)(y — x)3. Thus, r1(z,y) = f"'(2)/2 + ra(x,y)(y — z) for all z,y € I(a,b).
Let x,y € I(a,b) be given and let My be a Lipschitz constant of the second
derivate function of f at . Then |ra(z,y)| < My. Let z € I(a,b) be such that
|z — x| < |f"(x)] /Ms. Then |ra(z,2)(z —x)| < |f”(x)|; and hence 7 (z,2) ~
f"(x)/2 > 0. Tt follows then from ry(x,y)ri(x, z) > 0 that r1(z,y) > 0; and hence
f(y) > f(@)+ f'(z)(y—x). Therefore, f is convex on I(a,b) by Proposition 2.9. O
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