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Interaction of a quantum dot with an incompressible
two-dimensional electron gas
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Abstract

We consider a system of a incompressible quantum Hall liquid in close proximity to a parabolic quantum dot containing
a few electrons. We observe a signi6cant in7uence of the interacting electrons in the dot on the excitation spectrum of the
incompressible state in the electron plane. Our calculated charge density indicates that unlike in the case of an impurity,
interacting electrons in the dot seem to con6ne the fractionally charged excitations in the incompressible liquid. ? 2002
Elsevier Science B.V. All rights reserved.
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A two-dimensional electron gas under the in7uence
of a strong, external magnetic 6eld exhibits the cel-
ebrated fractional quantum Hall e<ect (FQHE) [1,2],
that has been the subject of intense investigation for
almost two decades. One of the most successful de-
scription of the quantum state in such a system is the
Laughlin state [3], which describes the ground state of
an electron system with 1

3 -6lled lowest Landau level,
as a highly correlated incompressible liquid. Incom-
pressibility of the state implies the existence of a gap
in the excitation spectrum and that the low-lying ele-
mentary excitations are fractionally-charged quasipar-
ticles and quasiholes [1–3]. A large body of theoretical
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and experimental work has already established many
of these properties of the unique quantum state. Dis-
persion of various collective modes in the FQHE has
also been well established [2].

Quantum Hall (QH) properties of the electron gas,
such as the ones mentioned above, are however for
electron motion in a plane. On the other hand, when
the electron motion in the plane is further quantized
in the planar two dimensions, we get what is known
as a quantum dot (QD) [4,5]. Quantum dots rep-
resent the ultimate reduction in the dimensionality
of a semiconductor device where electrons have no
kinetic energy and as a consequence, they have sharp
energy levels like in atoms. These zero-dimensional
electron systems have enjoyed enormous popularity
because of their importance in understanding funda-
mental concepts of nanostructures and at the same
time, for their application potentials. Development of
extremely small self-assembled quantum dots (only
a few nanometers across) containing only a few
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electrons that can be inserted into the dot in a con-
trolled manner, have led to important new device
applications. In this letter, we propose a system where
a parabolic QD [4] containing only a few electrons
is brought in close proximity to a two-dimensional
electron gas (2DEG) that was initially in the Laugh-
lin state with 1

3 6lling of the lowest Landau level. We
investigate the in7uence of interacting electrons in
the dot on the Laughlin state that exists in the absence
of the quantum dot.

Why (and how) should one bring a quantum dot in
the vicinity of a 2DEG? The answer is, a device simi-
lar to the type of system described here already exists
as a single-photon detector [6]. In this device, a layer
of nanometer-sized InAs quantum dots is placed near
a 2DEG, separated by a thin barrier. Charge carriers
photoexcited by incident light (visible or near-infrared
wavelengths) are trapped by the dots which results in
a depletion of the electron density adjacent to the dots.
As a consequence, the conductivity of the 2DEG is
altered. This change in conductivity is in fact, mea-
surable. Observation of step-like rise of conductivity,
each step is due to discharge of a QD by a single
photon, has been associated with the detection of a
single photoexcited carrier in a single dot [6]. We
propose here that, placed in a strong magnetic 6eld,
incident light on such a device would perhaps light up
the quasiparticles of the incompressible state.

Formally, our system is similar to a double-layer
FQHE system [7,8], except that in one of the two
layers electrons are con6ned by a harmonic potential

Vconf (x; y) = 1
2m!2

0(x
2 + y2);

where !0 is the con6nement potential strength and the
corresponding oscillator length is ldot = (˜=m!0)1=2.
We consider Coulomb interaction between the elec-
trons in the dot and in the plane. In our calculations
presented below, the 2DEG is kept at the 6lling fac-
tor 	 = 1

3 (Laughlin state) and the QD is 6lled with
ND = 1 or 2 interacting electrons.

We evaluate the Laughlin state numerically in a
spherical surface geometry which is a well-established
method to describe the ground state and low-lying
excitations at 1

3 6lling factor [9]. This geometry is
more appropriate in our present case due to the circular
symmetry of the problem. For the proposed system,
the single-particle wave function of the electron in the

layer has the form:

’m =
[
2S + 1

4


(
2S

S + m

)]1=2

uS+mvS−m;

where m = −S; : : : ; S is z-component of the angular
momentum of the electron and 2S is the number of 7ux
quanta throughout the sphere in units of the elemen-
tary 7ux quantum; u=cos(�=2)ei�=2, v=sin(�=2)e−i�=2

and �; � are polar angles;
(

2S
S+m

)
is the binomial co-

eMcient.
The single particle wave functions in the quantum

dot have the usual form:

 n;l(x; �) =
(

b
2
l20

n!
(n + |l|)!

)1=2

×
n∑

j=0
C(n; l; j)e−il�e−(x2=2)x2j+|l|;

where x = (b=2l0)1=2r; b = (1 + 4!2
0=!

2
c)

1=2 and

C(n; l; j) = (−1)j
(n + |l|)!

(n− j)!(|l| + j)!j!
;

where n=0; 1 : : : is the radial quantum number and l is
the azimuthal quantum number. In our case of a large
quantum dot (15 nm) only the single particle states
with n=0 and l=0; 1; : : : are important. Then the sin-
gle particle energy spectrum has the one-dimensional
oscillator form: l˜[(!2

c + !2
0)

1=2 − !c]=2.
We also study the electron density distribution for

electrons in the dot (�D) and for the electrons in the
layer (�L):

�D(r) =
∫

· · ·
∫

d̃rD;1 : : : d̃rL;1 : : :

×
ND∑
i=1

�(̃r − r̃D; i) |�M (̃rD;1; : : : |̃rL;1 : : :)|2

�L(r) =
∫

· · ·
∫

d̃rD;1 : : : d̃rL;1 : : :

×
NL∑
i=1

�(̃r − r̃L; i) |�M (̃rD;1; : : : |̃rL;1 : : :)|2

where ND and NL are the numbers of the electrons in
the dot and in the layer, respectively. The integration
over r̃L; i is restricted to the sphere.



V.M. Apalkov, T. Chakraborty / Physica E 14 (2002) 289–293 291

The interaction part of the Hamiltonian is given by
the expression

Hint =
e2

!
∑
i¡j

1
|̃rD; j − r̃D; i| +

e2

!
∑
i¡j

1
|̃rL; j − r̃L; i|

+
e2

!
∑
i; j

1

[d2 + |̃rD; j − r̃L; i|2]1=2
where r̃D = (rD cos�D; rD sin�D) is the two-dimen-
sional vector corresponding to the electron in the quan-
tum dot, r̃L = (2R sin(�=2) cos�L; 2R sin(�=2) sin�L)
is the two-dimensional vector corresponding to the
electron in the sphere with sphere radius R = S1=2l0
and polar angle �, and d is the separation between
quantum dot and the layer.

All computations are done for six electrons in the
layer (sphere) which form the incompressible liquid
with 6lling factor 	= 1

3 . In this case, the sphere radius
is R=

√
7:5l0. For electrons in the quantum dot we take

10 lowest single particle states. Under such conditions
we can consider only one and two electrons in the dot.
Any additional number of electrons in the dot (three
and more) requires a larger sphere for electrons in the
layer which results in a much larger matrix that has to
be diagonalized numerically. All electrons are treated
as spinless particles. In what follows we use the mag-
netic length l0 as the unit of length and the Coulomb
energy Ec = e2=!l0 as the unit of energy, where ! is
the background dielectric constant. In all our calcula-
tions presented here, the magnetic length is taken to
be 6:6 nm, which corresponds to the magnetic 6eld of
15 T. For the quantum dots we consider parameters
appropriate to GaAs and the dot size, ldot=15 nm. The
size of the dot is dictated by the fact that for smaller
dots, the di<erence energy (energy di<erence between
the ground state and the lowest excited state) is much
larger than the lowest energy excitations of the incom-
pressible state and therefore, has no noticeable e<ect
on the spectrum. The interlayer separation d, and as a
result, the interlayer interaction [7] has also been var-
ied in our calculations. Here we consider d=1:5; 2:0l0
separations. The latter separation was found to be op-
timum in the double-layer FQHE systems [7]. Smaller
separations tend to close the energy gap, the hallmark
of the incompressible state.

In the absence of the quantum dot, states in the
spherical geometry appear as multiplets characterized
by the rotational quantum number L. However, if sup-
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Fig. 1. Energy spectrum of a Coulomb-coupled quantum
dot-quantum Hall system at 	 = 1

3 (open circles). The quantum
dot contains a single electron and is separated from the 2DEG
by d = 1:5; 2:0l0. The 6lled circles are the energies of an isolated
QD, presented here as a reference.

pose we place an impurity near the north pole of
the sphere, then the states can be classi6ed only by
the azimuthal rotational quantum number M = Lz,
and changes in M indicate charge redistribution [10].
In this geometry, the minima in the charge density
were identi6ed with the center of a quasiparticle de-
fect (fractionally charged) emitted by the impurity.
With increasing values of M , that defect was found
to progress outward [10]. Further, due to the incom-
pressibility of the Laughlin state, there is no screening
of the impurity. Laughlin state was found to be stable
regardless of the strength of the impurity.

In Fig. 1 the energy spectrum of the system with
one electron in the dot is shown by open circles.
This case is closely related to the system of incom-
pressible liquid in the 6eld of a charged impurity
discussed above. However, in our case there is an
additional type of collective excitation due to the ad-
ditional degree-of-freedom of the electron in the dot.
For small separation (d= 1:5), the perturbation of in-
compressible liquid by the electron in the dot is strong
and the collective excitation is gapless. For a larger
separation (d = 2:0) there is a well de6ned branch of
lowest excitations at M ¿ 0 (Fig. 1). To understand
more about this branch we plot the electron density
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Fig. 2. Charge-density pro6le �L(r) of the ground state and
low-lying excitations of a QD+QH system at 1

3 6lling factor, cor-
responding to Fig. 1, (for M = 0–4, as indicated in the 6gure)
and for the QD, �D(r) with a single electron (with M = 0∗–4∗).
Open circles indicate the minima in the charge density.

distribution in the layer and in the quantum dot for
the lowest states with the given M (Fig. 2). We notice
that in the states with M =0; 2; 3; 4; the electron in the
quantum dot is almost in the ground state of the dot.
The excited states at M=2; 3; 4 can be described by the
process of ionization as an emission of the fractionally
charged quasihole: the quasihole is moving away from
the quantum dot with increasing M . The positions of
the quasihole are shown by open circles. This picture is
the same as for the charged impurity near incompress-
ible liquid [10]. At the same time the state at M=1 has
di<erent a nature. It is the collective excitation of the
electron in the dot and the electrons of incompressible
liquid. Such low-energy excitations can be observed
only when the separation between the energy levels
in the quantum dot (˜[(!2

c +!2
0)

1=2 −!c]=2) is about
the incompressible gap (0:1Ec). This type of excita-
tion gives rise to the linear dependance of excitation
spectra as a function of M for small M .

A more interesting situation occurs when there are
more than one electron in the dot. In this case the in-
teraction between the electrons in the dot makes the
quantum dot an impurity center with non-trivial charge
distribution and with internal degree-of-freedom. In
Fig. 3 the energy spectra of the system with two elec-
trons in the quantum dot is shown by open circles.
The states of the pure electron system in the dot are
shown by 6lled circles. The angular momentum M is
counted from the angular momentum of the ground
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Fig. 3. Energy spectrum of a Coulomb-coupled quantum
dot-quantum Hall system at 	 = 1

3 (open circles). The quantum
dot contains two interacting electrons and is separated from the
2DEG by d = 1:5; 2:0l0. The 6lled circles are the energies of the
isolated QD.
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Fig. 4. Charge-density pro6le �L(r) of the ground state and
low-lying excitations of a QD+QH system at 1

3 6lling factor, cor-
responding to Fig. 3, (for M =0–4, as indicated in the 6gure) and
for the QD, �D(r) with two interacting electrons (with M=0∗–4∗).
Open circles indicate the minima in the charge density.

state. For a pure two electron system in the quantum
dot the angular momentum of the ground state is equal
to 3. For small separation (d = 1:5), the incompress-
ible liquid is strongly perturbed by the electrons in the
dot. The perturbation is stronger than that of the sin-
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gle electron case due to the larger charge of the dot.
At a larger separation (d = 2:0) the lowest branch of
the excitation spectra develops an oscillatory structure
as a function of M . The electron density distribution
(Fig. 4) shows that the state at M =1 has di<erent dis-
tribution compared to the states at M ¿ 1, and can be
described in the same manner as for the one electron
system, that is the collective excitation of the electrons
in the dot and an incompressible liquid. The excited
states at M = 2; 3; 4, however, cannot be considered
simply as the process of ionization. In this 6gure, the
position of the minimum of charge distribution, shown
by open circles exhibit oscillatory behavior with M
and the quasihole remains almost con6ned in the same
region. These oscillations are correlated with oscilla-
tions in the energy spectra (Fig. 3). Con6nement of the
quasihole in the incompressible state by the quantum
dot is purely due to the interaction between the elec-
trons in the quantum dot which results in the speci6c
charge distribution in the quantum dot and an addi-
tional interaction of a qusihole of the incompressible
liquid with the local excitation of the dot.

In closing, we have explored a system of a quantum
dot placed in close proximity to a two-dimensional
electron gas that is in the incompressible liquid
state. Our results indicate that for a single electron
in the dot, the physics is somewhat like that of an
impurity which emits a fractionally-charged quasi-
hole that moves away from the dot with increas-
ing M . For small M , we notice a linear behavior
of the excitation spectrum. Most importantly, how-
ever, we 6nd that for two interacting electrons in
the quantum dot, the collective excitation exhibits
an oscillatory behavior which is due to con6nement
of the fractionally-charged quasihole excitations by
the quantum dot. This is purely a consequence of
interelectron interaction in the dot. Therefore, in
a suitable set up, the single-photon detector might
in fact, be a detector for the fractionally-charged
excitations of the incompressible Laughlin state. On

the other hand, investigations of charge density, for
example, via STM imaging might also reveal fea-
tures associated with the con6nement of a quasihole
as described here. Finally, we would like to point
out that there has been a recent proposal to localize
a 1

2 -Laughlin-quasihole in a 1
2 -Laughlin state that is

created in a rotating Bose–Einstein condensate [11]
consisting of a small number of atoms. Some of the
signatures of that con6ned fractional-statistics object
[12] might be similar to those of the proposed con-
6ned quasihole in our present system.

We would like to thank P. Fulde for his support and
kind hospitality in Dresden.
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