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We report on the properties of a system of interacting electrons in a narrow channel in the quantum
Hall effect regime. It is shown that an increase in the strength of the Coulomb interaction causes
abrupt changes in the width of the charge-density profile of translationally invariant states. We
derive a phase diagram which includes many of the stable odd-denominator states as well as a nov
fractional quantum Hall state at the lowest half-filled Landau level. The collective mode evaluated at
the half-filled case is strikingly similar to that for an odd-denominator fractional quantum Hall state.
[S0031-9007(97)03447-9]
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The existence of incompressible quantum fluid states
a two-dimensional electron system subjected to a stro
perpendicular magnetic field has presented us with
profound understanding of the odd-denominator fraction
quantum Hall effect (FQHE) [1–4]. Interestingly, suc
a clear physical understanding of the simplest eve
denominator state, viz., the half-filled lowest Landa
level, has not yet emerged [3,5–7]. In recent yea
study of electron correlations in narrow channels h
received increasing attention [8]. Observation of a ne
incompressible state at a half-filled Landau level in
narrow channel was indeed reported a few years a
[9], and is naturally expected in the Laughlin pictur
generalized to one dimension [10], where the statist
of the charge carriers should be arbitrary [11]. Th
observation was remarkable because such a state ha
yet, not been found to appear either in experiments [1
or in numerical studies [7] of a two-dimensional electro
gas. There have been several attempts to explain
origin of the nonexistence of a stable half-filled quantu
Hall state in two dimensions. These include, among oth
things, a transformation from electrons to fermions wi
a Chern-Simons field [6]. One other possible explanati
was suggested in Refs. [7,12], where it was shown th
reduction of the short-range part of the repulsive electro
electron interaction is required to stabilize this state.

Here we report on the results of a model we ha
developed for the FQHE in a narrow channel (1D
FQHE), where there are a finite number of spin polariz
electrons subjected to a strong perpendicular magn
field, interacting via the long-range Coulomb potenti
and confined by a potential, which isparabolic in one
dimension and flat in the other. The electrons a
considered to be in a cell whose length in thex direction
is denoted bya. The width of the cell depends on the
strength of the confining potential relative to the streng
of the interactions and also on the length of the ce
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Imposing a periodicity condition in thex direction, the
system models an infinitely long quantum wire. Ou
novel results here include abrupt changes in the electr
density profile as one moves from one FQH state
another. These stable states, which also include t
unique lowest half-filled Landau level, are identified from
their gap structures in the excitation spectra.

The total Hamiltonian for the system is

H  H0 1 Hint , (1)

whereH0 contains the kinetic energy ofN electrons of
massmp and the electrostatic confining potential,
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, (2)

and A is vector potential inLandau gauge. The inter-
action term of the Hamiltonian consists of the Coulom
repulsion of the electrons, the electrostatic energy of th
positive background, and the interaction energy betwe
the background and the electrons.

The single-electron wave functions are given by
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where the magnetic length is defined asl  sh̄ympVd1y2,
and V  sv2

0 1 v2
cd1y2, where vc  eBymp is the

cyclotron frequency,k  sn, md, and

ŷ  y 1
h̄vc

mpV2
k  y 1

2pl2

ga
m ,

with a dimensionless quantityg 
p

1 1 sv0yvcd2. In
(3), Hn is a Hermite polynomial of ordern. Along the
wire the wave function (3) is just a plane wave with wav
vector k  s2pyadm. Here m stands for momentum
in the direction of the wire. In the lateraly direction
the wave function has a Gaussian form. Restrictin
ourselves in the lowest Landau level, i.e., settingn  0,
© 1997 The American Physical Society 4829
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and ignoring the constant Landau level energy, the sing
electron Hamiltonian (2) in the second quantized form i

H0 
X

i

h̄2k2
i

2mp

v
2
0

V2 a
y
i ai 

X
i

Eia
y
i ai ,

wherea
y
i said is the creation (annihilation) operator of

statei.
In the noninteracting ground state,N electrons occupy

the lowestN available single-particle levels. It is reason
able to require that the electron density in that state
symmetric around they  0 axis, i.e., the total momen-
tum M 

P
j mj  0. This symmetry condition holds

for odd number of electrons ifm is an integer, and for
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evennumber of electrons ifm is ahalf-odd integer. Thus,
for an odd number of electrons, we haveperiodic bound-
ary conditions along the wire andantiperiodic boundary
conditions for an even number of electrons. When inte
electron interactions are introduced in the system the el
trons start to avoid each other. As interactions increa
with respect to the kinetic energy, electrons begin to al
occupy higher levels in order to reduce their mutual r
pulsion. Consequently, states other thanM  0 are also
realized as ground states. However, if the ground st
has M fi 0, the system is not expected to be in a fra
tional quantum Hall state [4].

The Coulomb matrix elements in the present model a
obtained from
Am1,m2,m3,m4 
1
2

Z
dr1dr2cp

m1
sr1dcp

m2
sr2dysrdcm3 sr2dcm4 sr1d
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where the length is measured in units ofl, Ec 
e2yel gives a measure of the interaction energy, and t
dimensionless integration variable isq0

y  qyl2ysgad.
When m1  m4, the integral in the second term of (4)
does not converge due to the long-range nature of t
Coulomb potential. To cancel out this divergence w
have two choices: We can either use a truncated Coulo
potential [13] or neutralize the system by embedding th
wire into a positively charged background. We prefe
the latter procedure because then the long-range effect
the Coulomb force are included in our calculations.

Let us first examine how the translationally invarian
state, i.e., theM  0 state, changes when we change th
strength of the interactions with respect to kinetic an
potential energies of the electrons, i.e.,EcyE0 [where
E0  sh̄2y2mpl2dsv2

0yV2d is the energy unit] and the
length of the cella. As we varyEcyE0 while keepinga
fixed, the expectation values of the kinetic and potenti
energies change abruptly from one value to anoth
As the calculation is repeated for other fixed values
a we obtain Figs. 1(a) and 1(b) forkH0l and kHintl,
respectively. The expectation values show rich structur
in the parameter space spanned bya  5, . . . , 12.4 and
EcyE0  0, . . . , 80. The two energieskH0l and kHintl
jump in opposite directions, and therefore the net chan
in total energy does not clearly show the sudden chang
in the M  0 state. However, for a much longer system
(at a fixed linear density), we expect sharper first-ord
transitions between the different phases.

As the jump occurs in the parameter space spann
by EcyE0 and a, it indicates a change in theM 
0 state. One earlier work identified the filling factors
(n  NyNs where Ns is the Landau level degeneracy
n 

2
3 , n 

1
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1
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and calculating the overlap with the Laughlin-like wav
functions [13]. These states are also realized in
system with real long-range Coulomb potential. T
state atn 

1
3 can also be characterized by calculatin

the overlap between the Coulomb1
3 state and Haldane’s

pseudopotential13 state [14]. We have checked th
overlap in our present system and found it to vary betwe
the values 0.83 and 0.89 ata  9.5.

In our quest for a stable half-filled Landau level, we a
particularly interested to know what happens in betwe
the well-established FQHE states. For example, what
the states realized in between the FQHE statesn 

2
3 and

n 
1
3 ? In this region there are clear jumps in bothkH0l

and kHintl. To get further insight into theM  0 states
realized in the wire, we have investigated the proble
of how the electron density is modified when we chan
EcyE0 for a fixed value ofa. In the x direction the
charge density is constant while in the lateraly direction
it is modified because of the finite width of the syste
Electron density atr is evaluated numerically from

rsrd 
X̀

i,j1

cp
i srdcjsrday

i aj .

Let us choose a particular value ofa, say a  8, and
see how the density profile of the translationally invaria
state changes as a function ofEcyE0. In Fig. 2(a), we
show the charge densities as a function ofEcyE0. With
increasingEcyE0, the width of the charge-density profil
changes abruptly from one value to the other. Calculat
the effective filling factor fromn  2pl2n (wheren is
the number of electrons per unit area), and taking
width as full width at half-maximum, we get the filling
factors0.98, 0.71, 0.56, . . . , 0.51 and0.42 which are very
close to the valuesn  1, 2

3 , 1
2 andn 

2
5 . Repeating the
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FIG. 1. Expectation value of (a) kinetic energy per partic
and (b) interaction energy per particle, as a function ofEcyE0
and length of the cell for the stateM  0. The effective filling
factorsn  1

3 , 2
3 , 2

5 , 2
7 , andn  1 are also indicated.

same calculation ata  9.5, we get the densities shown in
Fig. 2(b). The effective filling factors for this value ofa
are0.99 and0.68, . . . , 0.66, which suggest that these state
aren  1 andn 

2
3 , respectively. The state which ha

the effective filling factor0.38, . . . , 0.37 is identified as a
n 

1
3 state by the overlap calculation.

In Fig. 3 we show a phase diagram for the 1D-FQH
states. The diagram is obtained by systematically seek
those points in the parameter space spanned bya and
EcyE0, where the ground state haszero total momentum.
We then plot the energy gap between this ground st
and the first excited state. In Fig. 3 the area of a filled d
is proportional to that gap. The phase diagram consi
of separate regions of several FQHE states. Remarka
there is a distinct region for theeven-denominatorstate
n 

1
2 . The area of this region is, of course, muc

smaller than those with odd-denominator states. B
given the total absence of the12 state in a single-layer
system, this observation is rather unique. Figure 4 dep
the energy spectra for the statesn 

2
3 , 1

2 , 2
5 andn 

1
3 .
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FIG. 2. (a) Electronic densities in the lateral direction a
a  8 and for M  0 states. (b) Similar results fora  9.5.
The effective filling factors are shown in the figure.

These states are chosen from the phase diagram (Fig
at the points where the gap appears to be the large
The ubiquitous incompressible gaps in the spectra mak
the analogy with those in the corresponding two
dimensional systems quite obvious. The novel resu
here again is, of course, the signature of incompressibili
in the energy spectrum for the lowest half-filled Landa

FIG. 3. Phase diagram for the FQHE states at the effec
ive filling factorsn 

1
3 , 2

3 , 2
5 , 1

2 , 2
7 indicated in the figure.
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FIG. 4. Energy spectra calculated atsa, EcyE0d and n: (a)
s6.8, 24d, n  2

3 , (b) s7.6, 36d, n  1
2 , (c) s9.2, 40d, n  2

5 ,
and (d)s12.2, 42d, n  1

3 .

level, which is a hallmark of the fractional quantum Ha
state at that filling factor. The size of the gap atn 

1
2

is comparable to that at23 and should be observable i
experiments. There are also experimental indications
that the gap size atn 

1
2 generally depends on the widt

of the constriction. These issues and the problem of h
the gap vanishes when we approach two dimensiona
will be the subject of future publications.

Between the stable 1D-FQHE regions in the pha
diagram, the system is in states withM fi 0. This
suggests that the symmetry changes between ground s
in different regions of the phase diagram. One possi
broken symmetry state might be a phase in which
density is no longer symmetric aroundy  0, i.e., some
of the density is displaced from the left side of the chan
to the right side (or vice versa) spontaneously [1
Interestingly, for values ofa where broken symmetry
states appear, the minimum value of the excitation g
seems to collapse towards zero [16]. However, th
can never be a true long-range order in the spacing
electrons along the wire (in the thermodynamic limit).
fact, in a one-dimensional system, no sharp distinct
exists between a Wigner crystal with quantum fluctuatio
and a spinless Luttinger liquid. In either case, the dens
correlation function has a power-law singularity at a wa
vector equal to twice the Fermi wave vector, and t
exponent of the singularity varies continuously with th
interaction parameters. These issues will be discus
elsewhere [16].

In conclusion, we have investigated the propert
of a system of electrons interacting via the long-ran
Coulomb interaction in a narrow channel and in t
4832
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quantum Hall regime. As the interaction strength
increased, abrupt jumps occur in the expectation valu
of the kinetic and potential energies of translational
invariant states. The width of the charge-density profi
also shows similar abrupt changes. We present the ph
diagram of the stable 1D-FQHE states. In addition
various odd-denominator filling factors which are we
established in the two-dimensional systems, we find th
in a region of the parameter space, the lowest half-fill
Landau level also appears as a stable incompress
state. We also present the energy spectra of th
incompressible states. The low-lying collective mod
at n 

1
2 are strikingly similar to those of an odd

denominator FQHE state.
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