
Specific heat of quantum Hall systems

Tapash Chakraborty
Institute of Mathematical Sciences, Taramani, Madras 600 113, India

P. Pietiläinen
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The specific heat of a two-dimensional electron gas in the quantum-Hall-effect regime~fractional and
integral! is studied. The fractional-filling factors chosen here are known to have various spin configurations
other than a fully spin-polarized state and we find that the specific heat versus temperature curves provide
important information about those spin states. In the case of the lowest-filled Landau level the peak shifts to
higher temperatures and the results are generallyg-factor independent.@S0163-1829~97!51404-4#

It has long been established that at the Landau-level fill-
ing factorn51 (n5Ne /Ns whereNe is the electron number
andNs5AeB/hc5A/2p l 0

2 is the Landau level degeneracy
and l 0 is the magnetic length! the ground state is fully spin
polarized with total spinS5Ne/2.

1 Recent Knight-shift spin
polarization measurements,2 reveal a precipitous fall in the
spin polarization when one either moves slightly away from
n51 or the temperature is increased atn51. This effect has
also been observed in subsequent experiments with tilted
magnetic field as well as optical absorption studies.3 Theo-
retically, such a result is explained as due to the fact that the
low-energy charged excitations are spin textures~Skyrmi-
ons! ~Ref. 4! for very small values of theg factor. These
excitations carry a charge6e ~as in the single-particle case!,
but they cover an extended region and have a nontrivial spin
order: at the boundary of the system the local spin takes the
value of the ground state and reverses at the center of the
skyrmion. Along any radius, the spin gradually twists be-
tween these two limits. Numerical diagonalization scheme
when applied to a few-electron system in a periodic rectan-
gular geometry supports the above picture of spin
excitations.5 In the fractional-quantum-Hall-effect regime6,7

one notices more structures in the spin-polarization results as
a function of the temperature8 due primarily to spin configu-
rations different from a fully spin-polarized state~except of
course, atn5 1

3, which is fully spin polarized9!.
The formation of a crystalline state of the multiskyrmion

system has also been considered recently10 and the observa-
tion of a sharp peak in low-temperature heat capacity near
n51~Ref. 11! has been attributed to melting of the skyrmion
lattice. Measurement of equilibrium properties like the spe-
cific heat of a two-dimensional electron gas provides infor-
mation about the form of the density of states.12 At very low
temperatures and for filling factor close to lowest-filled Lan-
dau level (n50.81), experiments have revealed a very sharp
peak in the specific heat which is suggestive of a phase tran-
sition involving skyrmionic excitations. In this paper, we
present results for the specific heat of the quantum Hall sys-
tems in the integer and fractional regime. Our method is
comprised of calculating the eigenstates exactly for a few-
electron system in a periodic rectangular geometry.5,7,8 The
system is supposed to be in the lowest Landau level, with

densities corresponding to various filling factors whose spin
configurations are already known from previous work.5,7–9

Numerical diagonalization of the Hamiltonian~in the low-
est Landau level, and for an impurity-free two-dimensional
electron gas7! provides us with all the energy levels in the
system. The evaluation of the specific heat is then quite
straightforward. The canonical partition function can be ob-
tained from

Z5Tre2bH

and
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The heat capacitycv is given by

cv52TS ]2F

]T2D
V,Ne
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Š~H2^H&!2‹,

whereF is the free energy

F52TlnZ52TlnTre2bH.

At T'0, we get

Š~H2^H&!2‹'D2e2D/T,

whereD is the energy difference between the ground and
first excited states. Correspondingly, the specific heat be-
haves like

C}
1

T2
e2D/T.

The exact coefficients in the above expression depend
strongly on the system and, in particular, on the density of
states. In finite systems the energy spectrum is discrete and
there is always an energy gapDÞ0 independent on the fill-
ing fraction. In the real systems, when the filling fraction
does not correspond to a quantum Hall state, the gap van-
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ishes and the specific heat will not necessarily any more
obey the exponential law given above. Even at the quantum
Hall states, the gap in the real system will be reduced due to
the impurities and defects generating states in the gap of the
pure system discussed in this paper. The finite-size effects at
low temperatures are thus quite dominant in the results for
specific heatC presented below. It should be mentioned that
at very low temperatures it would be a formidable task to
distinguish anything which goes likee2D/T from the large
specific heat of the underlying lattice (}T3).

In Figs. 1–5, we present the results of specific heat as a
function of temperature~in units of the potential energy,
e2/e l 0, where e is background dielectric constant! for
n51,13,

2
3,

2
5, and

3
5. It is known from earlier studies that the

electrons in the ground state are fully spin polarized at
n51/m, spin unpolarized at n52/(2m61), with
m51,3,5,. . . , andpartially spin polarized at35,

3
7, etc.

7 The
numerical results are obtained here for a fixed value of the
magnetic field (B510 T! while the g factor is varied. It
should be mentioned at this point that a very interesting de-
velopment in the experimental study of spin configurations
of quantum Hall states has been the realization that theg
factor can be reduced by applying hydrostatic pressure.13 In
particular, in the fractional quantum Hall regime, it has been
experimentally demonstrated13 that the effect of the hydro-
static pressure on the system is analogous to that of a tilted
magnetic field.14 Therefore, variation of theg factor for a
fixed value of the magnetic field studied by us5,8 has now
become a realistic possibility.

As mentioned above, the system is spin polarized at1
3 for

all values ofg.7 At this filling factor the results for specific
heat versus the temperature reveal sharp Schottky-like peaks
at low temperatures because of the energy gap in the low-
energy excitation spectrum.15 The gap arises due to the in-

compressibility of the system at this filling fraction.7 Clearly,
the heights of the peaks in theC plots @Fig. 1~a!# are roughly
proportional tog, i.e., the larger theg is, the higher is the
peak. The actual peak height may depend slightly on the size
of the system~see below!. At n5 3

5 @Fig. 1~b!#, the system

FIG. 1. The specific heat per electron versus temperature~a! at
n5

1
3 and ~b! at n5

3
5 for various values of theg factor. The mag-

netic field is held fixed atB510 T.

FIG. 2. The specific heat per electron versus temperature for~a!
n5

2
3 and ~b! n5

2
5. The number of electrons in the system is also

given here.

FIG. 3. The specific heat versus temperature at~a! n51 for
various values of theg factor and~b! for different number of elec-
trons and a fixedg50.3.
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remains spin polarized down tog;0.3.8 The peaks in corre-
spondingC curves behave just like in then5 1

3 system. How-
ever, wheng<0.2 the system becomes spin unpolarized. It is
to be noted that near the spin transition point~in this case
wheng;0.2) the energy gapD is rather small. The position
of the peak is roughly proprtional toD as one can see by
seeking for the maximum of 1/T2e2D/T. This implies that
the peak shifts to lower temperatures and starts again to go to
higher temperatures wheng is further reduced. These argu-
ments are, of course, not very rigorous because there are
more than two states in our system.8 However, one definitive
conclusion here is that the behavior ofC changes when the
spin polarization of the system changes.

The same pattern is also valid for then5 2
3 case@Fig.

2~a!#. Here the system is almost degenerate already at
g50.5 and hence the peak ofC is at very lowT. However,
one can still see some remnants of the peak corresponding to
the spin-polarized state nearT50.025. Apparently, the
height of the peak is roughly proportional to the energy gap.
Now, if the system remains spin polarized down tog50 the
energy gap is more or less due to the Zeeman energy and
decreases wheng decreases. Hence we have a situation like
then5 1

3 case. If the system is spin-polarized at large values
of g but goes to a spin-unpolarized~or spin-partially-
polarized! state wheng is reduced the energy gap must first
decrease to zero~there is no gap at the point where spin-
polarized and spin-unpolarized states have equal energy! and
then start to increase when the value ofg is further reduced.
Provided that the conjecture about the proportionality of the
gap and peak height is correct the peak must first go down
and then start to rise again. This is what seems to happen at
n5 2

3. The n5 2
5 @Fig. 2~b!# system seems to be somewhere

betweenn5 1
3 and n5 2

3. For T.0.03, the behavior of the
specific-heat curves is the same for all these filling factors.

The results for the lowest-filled Landau level (n51) is
shown in Fig. 3~a!. Here the noticeable feature is that there is
a sharp peak at a higher temperature, while at low tempera-
tures, there are some weak structures. The other striking fea-
ture of the result is that it is largelyg-factor independent. We
have also checked the dependence ofC at n51 on the sys-
tem size. Calculations forNe5528 reveal that as the elec-
tron number increases the low-T structures become less
prominent, but the high-temperature peak gets somewhat
sharper and falls somewhat more rapidly at higher tempera-
tures@Fig. 3~b!#. Overall, there is no dramatic change of the
results as the system size is increased.

Our earlier studies5 indicated that, in a toroidal geometry
the lowest-energy spin excitations nearn51 are the two-
skyrmion excitations. Single-Skyrmion excitations do not ex-
ist in this geometry. Instead, when one adds or removes a
flux quanta atn51, there is just a single spin-flip excitation.
However, it was also found that when one adds or removes
two flux quanta atn51, the spin polarization drops from
maximum polarization ofNe/2 to zero at very low tempera-
tures, thereby indicating the existence of skyrmionic excita-
tions. At nonzero temperatures, these filling factors have fea-
tures of spin-singlet states.8 The specific-heat results at
n58/6 andn58/10 ~Fig. 4! are however, basically feature-
less ~except nearT50 where there is a sharp peak, albeit
small! with no indication of any sharp peak that is present at
n51 for T;0.1e2/e l 0. The specific heat results forn5 8

6 and
n5 8

10 show similarities with those ofn5 2
3 andn52

5, respec-
tively. The only noticeable feature forn5 8

7 andn5 8
9 ~Fig. 5!

is the hump atT'0.1 which develops into a peak as one
arrives atn51. These two fractions should correspond to
single-flip excitations rather than a spin texture5 as discussed
above. The results are again totally independent of theg
factor. One possible explanation of theg-factor indepen-

FIG. 4. The specific heat versus temperaturen51 with two flux
quanta~a! removed or~b! added.

FIG. 5. The specific heat versus temperaturen51 with one flux
quanta~a! removed or~b! added.
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dence could be that the values of specific heat at these filling
factors are very small and therefore there cannot be any large
variation when some parameters are varied.

In conclusion, the specific heat versus temperature results
at various filling factors indicate that there is a sharp peak at

low temperatures whose height depends on the energy gap as
well as theg factor. At n51, the peak shifts to higher tem-
peratures while some structures still linger on at low tem-
peratures. At and aroundn51 the results are practically
g-factor independent.
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