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Abstract

®

CrossMark

We report on the influence of a periodic potential on the fractional quantum Hall effect
(FQHE) states in monolayer graphene. We have shown that for two values of the magnetic flux
per unit cell (one-half and one-third flux quantum) an increase of the periodic potential
strength results in a closure of the FQHE gap and appearance of gaps due to the periodic
potential. In the case of one-half flux quantum this causes a change of the ground state and
consequently the change of the momentum of the system in the ground state. While there is
also crossing between low-lying energy levels for one-third flux quantum, the ground state
does not change with the increase of the periodic potential strength and is always characterized
by the same momentum. Finally, it is shown that for one-half flux quantum the emergent gaps
are due entirely to the electron—electron interaction, whereas for the one-third flux quantum
per unit cell these are due to both non-interacting electrons (Hofstadter butterfly pattern) and

the electron—electron interaction.
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Planar, non-interacting electrons subjected to a periodic
potential and a perpendicular magnetic field were predicted to
display the fractal butterfly pattern in the energy spectrum [1].
This unique pattern results from the incommensurability
between two length scales that are now present in the system:
the magnetic length and the period of the external potential.
Experimental attempts to observe the pattern in semiconductor
nanostructures [2] met only with limited success. While
the existence of the butterfly pattern was indirectly confirmed
in magnetotransport measurements in lateral superlattice
structures, the fractal nature of the spectrum was not
observed. However, very recently, several experimental
groups [3-5] have reported observation of recursive patterns
in Hofstadter butterfly in monolayer and bilayer graphene that
was possible solely due to the unusual electronic properties
of graphene [6,7]. Although the theoretical issues of the
non-interacting system in this context are largely understood,
questions remain about the precise role of electron—electron
interactions in the butterfly spectrum for graphene [8] and
even in conventional electron systems [9, 10]. Properties of
incompressible states of Dirac fermions have been established
theoretically for monolayer graphene [11-14] and bilayer
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graphene [15] and the importance of interactions in the
extreme quantum limit are well known [16,17]. There
is also experimental evidence of the FQHE states [18]
in graphene [7,19]. The precise role of FQHE in the
fractal butterfly spectrum has remained unanswered, however.
Interestingly, in a recent experiment [20], the butterfly states in
the integer quantum Hall regime have already been explored.
Understanding the effects of electron correlations on the
Hofstadter butterfly is therefore a pressing issue. Here, we
have developed the magnetic translation algebra [9,21,22] of
the FQHE states, in particular for the primary filling factor
RS % for Hofstadter butterflies in graphene. Our results
unveil a profound effect of the FQHE states resulting in a
transition from the incompressible FQHE gap to a gap due
to the periodic potential, as a function of the periodic potential
strength, and also crossing of the ground state and low-lying
excited states depending on the number of flux quanta per unit
cell. Interestingly, the transitions predicted here seem to have
been confirmed experimentally [23].

Instead of a sample-specific choice of the periodic
potential, we consider the periodic potential to have square
symmetry which will make our findings more general so that
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it can be useful for interaction effects in fractal butterflies in
other systems as well [1,24]. Specifically, we choose the
external periodic potential to be of the form

V(x,y) = Volcos(gxx) +cos(gy )], ey

where Vj is the amplitude of the periodic potential and g, =
qy = qo = 2m/ap, where ap is the period of the external
potential. Then the many-body Hamiltonian is

N, N,
. | N
H=) [y + Vo] +5 ) Vi ©))
i i#j

where Hj is the Hamiltonian of an electron in graphene in a
perpendicular magnetic field and the last term is the Coulomb
interaction. The electron energy spectrum of graphene has
twofold valley and twofold spin degeneracy in the absence
of an external magnetic field, the periodic potential and the
interaction between the electrons. We disregard the lifting of
the valley degeneracy due to the Coulomb interaction and the
periodic potential. We consider here the fully spin polarized
electron system and focus our attention on the valley K. The
single-particle Hamiltonian Hp is then written as [6,7, 16]

= () 7). @)

where 7 = m, *im,, # = p+eA/c, pis the two-dimensional
electron momentum, A = (0, Bx, 0) is the vector potential and
vr &~ 10 ms~! is the Fermi velocity in graphene [6, 7].

We consider a system of finite number N, of electrons in a
toroidal geometry, i.e. the size of the systemis L, = M,aq and
Ly, = Myay (M, and M, are integers) and apply the periodic
boundary conditions (PBC) in order to eliminate the boundary
effects. Defining the parameter o = ¢y /¢, where ¢ = Baé is
the magnetic flux through the unit cell of the periodic potential
and ¢y = hc/e the flux quantum, we have

N, 1
MM, «

= 4)
v

where N; is the number of magnetic flux quanta passing
through the system and r and v are coprime integers. The
filling factor is defined as v = p/q = N,/N,, where p and g
are again coprime integers. For a many-body system only the
set of {L,,,/N,} of the center-of-mass (CM) translations acts
within the same Hilbert space [18,22]. Here L,,, = mL.X +
nL,y is a magnetic translation lattice vector and (L, L)
defines the magnetic translation unit cell [21]. Without the
PBC, the Hamiltonian (2) has a symmetry of a magnetic
translation of the CM by any periodic potential lattice vector.
In order to have this symmetry in the thermodynamic limit,
the magnetic translation of the CM by the magnetic translation
lattice vector should be compatible with the translation by
the periodic potential lattice vector [9]. This compatibility
results in additional constraints on our system, that M, and
M, are divisible by v. These constraints and (4) dictate
that Ny = k., M, ,, where k., are integers. Therefore
from the set of CM translation {L,,,/N,} only those which

are also translations by the periodic potential lattice vector
will both preserve the Hilbert space and commute with the
Hamiltonian (2).

We are seeking the set of appropriate magnetic translations
that characterizes the states of the Hamiltonian (2) by its
momentum eigenvalues. Based on the considerations above
we search for appropriate translations as the CM translations
with the translation vector a, = mpiaoX + npaaoy, where
and B, are integers determined below. In order for these CM
translations to be diagonalized simultaneously the following
condition must be satisfied W = =+1,+£2,.... Bychoosing
for example B, = 1 and demanding the above condition for
B1, it can be shown that this condition is the same as the one
obtained earlier by Kol and Read [9]. Hence B, 8, describes the
degeneracy of the system for each value of the CM momentum.
We now make the assumption that the application of the normal
momentum operator Q(Q) = ), e'QTi to the many-particle
state will increase its momentum by Q provided that Q is
a magnetic translation reciprocal lattice vector. From the
relation

TM(a,)Q(Qy) = ™2 Q(Q,)T™(a),), S

it follows that the eigenvalues of the CM translation operator
will have the form e7i(Bims/Mc+font/My) \where s and ¢ are
integers, which characterize the vector Q,; in a magnetic
translation reciprocal lattice. Hence, s and ¢ are defined
only modulo M,/B; and M,/B,, respectively, and there
are M, M,/B1B, allowed eigenvalues. It is clear from the
discussions above that s and ¢ are related to the CM momentum
of the system and also in special cases of the system size, to
the relative momentum.

We consider the many-body states |ji, jo, ..., jn,) as
basis states constructed from the single-particle eigenvectors
of the Hamiltonian (3) [6, 7, 16]

v, =G, (sgn(n)(—i)?m—l.j) 7 ©)
Pinl. j

where C, = 1 forn = 0 and C, = 1//2 forn # 0,
sgn(n) = lforn > 0,sgn(n) = Oforn = 0,andsgn(n) = —1
forn < 0. Here @, ; is the electron wave function in the n-th
Landau level (LL) with the parabolic dispersion taking into
account the PBC [18,25]°

é(X/+ka)y

1 o0
Onj= e ) ©
" L 2] k;oo

- Gty ? +kL, +X;
xe % H, (x—; ">, )
0

where X; = 27 j€}/L,, Ly = «/ch/eB is the magnetic length,
and H, (x) are the Hermite polynomials. The quantum number
J characterizes the single-particle momentum in the y direction
ky = 2mj/L,, as well as the guiding center position in the
x direction. Due to the system boundaries it takes integer
values in the range 0 < j < N;. The eigenvalues of the
Hamiltonian (3) corresponding to the eigenvectors (6) are

3 The periodic rectangular geomery was extensively used earlier in the study
of the FQHE in various situations. For example, see [25].
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€, = sgn(n)hwg~/n], where wz = +/2vp/€y. The many-
body state |ji, jo, ..., jn,) is characterized by the LL index
n and the spin of the particles. The factorization rule for CM
translations

TM(a,) = (=1)NPPmn/eTM (B mack) T (Banaod),

(®
leads to the relations
Avy e . g by . .
TMBonao)jis jos - jnd =€ 1, joseoes )
&)
TM(BimaoR)|ji. o - - - i)
= |j1 +mBiky, jo +mPiky, ..., jn, + mBiky), (10)

where 1 = ) . jimod(M,/B,) is the total momentum
quantum number in the y direction. Hence, following the
procedure outlined in [18], we fix the total momentum ¢
and construct the set 7 of all the N, particle states with
the momentum ¢, ie. 7 = {lji, jo,.... jn) D Ji =
t mod (My/B;)}.  We then divide the set 7 into
equivalence classes by defining the states | jj, j,, ..., jy,) and

lji, j2s ..., jn,) equivalent if and only if they are related by
the rule
it Jas -+ )

)

These equivalence classes can contain at most M, / 8; members
because the momenta j; are defined (mod Ny). Let £ be one
such set represented by the state |ji, jo, ..., jn,). Itis clear
from the construction that the members of this set are mapped
back to the set by the translation operators T M (8;maoX) and in
fact, by any translation T (a,,). Asin the case of V, = 0[18]
we can assert that the complete set of normalized states

= |ji +mPBikx, jo +mPiky, ..., jn, + mPiky).

1 |£]—-1

. Bis
(5. )) = —== Y e Tk
NI ,;;

X |ji+ Bikck, jo + Bikck, ..., jn, + Prixk), 12)

forms the set of the eigenstates of TCM(ap) and is used
as a basis for exact diagonalization of the Hamiltonian (2)
with fixed quantum numbers s and ¢. Hence, the magnetic
translation analysis reduces the size of the Hamiltonian matrix
roughly by a factor of M, M, /B B>.

In what follows we consider the system with filling factor
v = 1/3. We also consider two cases @« = 1/2 and o« = 1/3.
We then choose the system size based on the condition (4)
and the number of electrons. For N, = 4 the system size is
M,=3and M, =2fora =1/2,and My =2 and M, =2
for « = 1/3. For N, = 6 the system size is M, = 3 and
M, =3fora =1/2,and My =3 and M, = 2 fora = 1/3.
We evaluate the FQHE gap for two different cases when the
n = 0 LL is filled or n = 1 LL is filled and we disregard
the interaction between the LLs. The period of the external
potential is taken to be ap = 20 nm throughout.

In figure 1 the dependence of low-lying energy levels on
the amplitude of the periodic potential V is presented for
N, =4andn = 0LL.Bothcasesofo = 1/2anda = 1/3 are
shown. Here the levels which in the absence of the periodic
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Figure 1. The low-lying four-electron energy levels versus V; for
n = 0 LL. The results are for () « = 1/2 and (b) « = 1/3. The
triplet ground state is shown in green and the first excited state
which crosses the ground state is shown in red. The other excited
states are shown in blue.

potential correspond to the ground state and become triply
degenerate as V, — 0 are depicted in green, while the level
which first crosses those ground states is depicted in red. The
same dependence for the case of n = 1 LL is shown in figure 2.
Forn = 0andn = 1 LL and for V) = 0, the FQHE gap is about
3.36 meV and 4 meV, respectively, for« = 1/2, and 3.69 meV
and 4.513 meV, respectively, for « = 1/3. The difference
between the gaps for « = 1/2 and o« = 1/3 comes from the
fact that by fixing « and ap we fix the magnetic field strength
(B) and hence, these two cases correspond to different values
of B. The degeneracy of each level characterized by the CM
momentum is f; = B, = 1. In spite of that we notice in
figures 1(a) and 2(a) that for « = 1/2 the ground state splits
into two levels when the periodic potential is present. It should
be noted that just as for Vj = 0, the spectrum as a function
of the CM momentum has a full point symmetry of the PBC
Bravais lattice. So although these three levels are characterized
by different CM momentum, two of those are degenerate due
to the PBC rectangular Bravais lattice. This degeneracy is not
present for the cases where both 8;N,/M, and B,N,/M, are
integers because, as will be shown below, in these cases the
relative momentum is a conserved quantity and the states can
be characterized by both CM and relative momentum. When
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Figure 2. Same as in figure 1 but forn = 1 LL.

the relative momentum is a conserved quantity all three ground
states correspond to both relative and CM momentum equal
to zero and hence cannot be degenerate when the periodic
potential is present.

In the single-electron case the inclusion of a periodic
potential splits the LL into r subbands of equal weight [26], if
a = v/r. Inthatcase, foro = 1/2 thereis no bandgap between
the two subbands. Hence, the appearance of gaps for the
ground and excited states for « = 1/2 is a direct consequence
of the Coulomb interaction [8]. The most striking feature
in figures 1(a) and 2(a) for « = 1/2 is the crossing of the
excited level with both ground states and change of the ground
state at Vy &~ 7meV for n = OLL and at V; = 40meV for
n = 1 LL. The difference in the value of V,; where the ground
state changes between the n = 0 and n = 1LL is a direct
consequence of the robustness of the FQHE state forn = 1LL
compared tothatof n = O LL, which can be clearly seen also by
the magnitude of the gaps for both cases above and was found
earlier in graphene [11]. These crossings and the change of the
ground state result in the crossing of the levels with different
CM momentum and also with different relative momentum
where the relative momentum is a conserved quantity (see
below). In figures 1(b) and 2(b) for « = 1/3 we observe
similar crossing between the levels and closing of the FQHE
gap, although there is no ground state change in this case. This
is related to the fact that we consider the system with filling

100 |
= i
v 120F =112 "-.!'l.ll
g n=0LL (a) !
1
28 -100 |
s i
o
i

-140 |

Figure 3. Same as in figure 1 but for N, = 6.

factor v = 1/3. For o = 1/3 this corresponds to the ground
state of the system, which will be separated from the excited
states by the inclusion of the periodic potential even for non-
interacting electrons due to the Hofstadter gap. Even though
the inclusion of interaction adds additional gaps to the energy
spectra, as can be seen for the excited states in figures 1(b)
and 2(b), the Hofstadter gaps are considerably larger and an
increase of V will not result in a change of the ground state.
When o = 1/2 the filling factor v = 1/3 corresponds to the
point inside the subband and as was shown earlier [8], although
for « = 1/2 there are no gaps for non-interacting electrons,
interaction opens the gaps and the highest gap is observed for
v = 1/2, which corresponds to the crossing points of two
subbands in the non-interacting case. Hence, this point results
in the change of the ground state for « = 1/2, closure of the
FQHE gap and, afterwards, reappearance of the gap due to the
periodic potential.

In figure 3 the dependence of low-lying energy levels
on V, is shown for N, = 6 and n = OLL. Both cases of
o = 1/2 and @ = 1/3 are presented. Similar dependence for

= 1LL is shown in figure 4. The FQHE gap forn = 0
and n = 1LL and Vy = 0 is ~4.02meV and ~4.85meV,
respectively, for ¢ = 1/2, ~4.54meV and ~5.52meV for
a = 1/3, respectively. Similar to the case of N, = 4
and @ = 1/2, we observe the change of the ground state at
Vo = 16.5meV forn = OLL and Vy ~ 91 meV forn = 1LL
(not shown in figure 4(a)). For « = 1/3 we again observe
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Figure 4. Same as in figure 2 but for N, = 6.

a crossing between the highest ground state and the excited
state, but do not observe any ground state change. The only
difference between N, = 6 and N, = 4 is the observation
of complete lifting of the degeneracy of ground state with the
inclusion of the periodic potential, and is related to the fact that
for N, = 6 the relative momentum is a conserved quantity for
all cases considered. It should be noted that although the value
of V, at which the ground state changes for « = 1/2 varies
considerably with the number of electrons, the value of Vj at
which the closure of the FQHE gap appears is almost the same
for both systems.

Just as for Vy = 0, we can define the relative magnetic
translations TiR (N.a,) = T,-(Nea,,)TCM(a »), which generally
do not commute with the Coulomb interaction term V;;
and hence with the Hamiltonian (2), unless g;N./M, and
B2N./M, are integers and, in that case, the vector N.a, is
a magnetic translation lattice vector. These conditions are
satisfied for all cases considered here, except for N, = 4 and
o = 1/2. When these conditions are satisfied the absolute
values of the relative momentum and the CM momentum
eigenvalues are equal and the state can be characterized both
by the CM and the relative momentum eigenstates. As
is well known [18,22], without the periodic potential the
triply degenerate ground state is characterized by zero relative
momentum. Hence, for the cases when the above conditions
are satisfied and the relative momentum is a conserved quantity,

we can state that the three gound states (depicted in green in all
figures) correspond to both the relative and the CM momentum
equal to zero for all V; and the crossing observed in the figures
for the ground states result in the change of the value of relative
momentum eigenstate of the ground state.

In conclusion, we have performed magnetic translation
analysis to study the effect of a periodic potential on the FQHE
in graphene for filling factor v = 1/3. For « = 1/2 and
o = 1/3, increasing the periodic potential strength Vj results
in a closure of the FQHE gap and the appearance of gaps due
to the periodic potential. We also find that for « = 1/2 this
results in a change of the ground state and consequently in
the change of the ground state momentum. For o = 1/3,
despite the observation of the crossing between the low-lying
energy levels, the ground state does not change with an increase
of Vy and is always characterized by zero momentum. The
difference between these two « s is a result of the origin of the
gaps for the energy levels. For « = 1/2 the emergent gaps
are due to the electron—electron interaction only, whereas for
a = 1/3 these are both due to the non-interacting Hofstadter
butterfly pattern and the electron—electron interaction.

Acknowledgments

The work has been supported by the Canada Research Chairs
Program of the Government of Canada. We also thank C
Dean (Columbia) for valuable discussions on his experimental
results related to our theoretical work presented here.

References

[1] Harper P G 1955 Proc. Phys. Soc. A 68 874
Ya Azbel M 1964 Sov. Phys.—JETP 19 634
Langbein D 1969 Phys. Rev. 180 633
Hofstadter D 1976 Phys. Rev. B 14 2239
Osadchy D and Avron J E 2001 J. Math. Phys. 42 5665
[2] Geisler M C, Smet J H, Umansky V, von Klitzing K,
Naundorf B, Ketzmerick R and Schweizer H 2004 Phys.
Rev. Lett. 92 256801
Geisler M C, Smet J H, Umansky V, von Klitzing K,
Naundorf B, Ketzmerick R and Schweizer H 2004 Physica
E 25227
Albrecht C, Smet J H, von Klitzing K, Weiss D, Umansky V
and Schweitzer H 2001 Phys. Rev. Lett. 86 147
Albrecht C, Smet J H, von Klitzing K, Weiss D, Umansky V
and Schweitzer H 2003 Physica E 20 143
Schlosser T, Ensslin K, Kotthaus J P and Holland M 1996
Europhys. Lett. 33 683
Schlosser T, Ensslin K, Kotthaus J P and Holland M 1996
Semicond. Sci. Technol. 11 1582
[3] Dean C R et al 2013 Nature 497 598
[4] Hunt B et al 2013 Science 340 1427
[5] Ponomarenko L A et al 2013 Nature 497 594
[6] Abergel D S L, Apalkov V, Berashevich J, Ziegler K and
Chakraborty T 2010 Adv. Phys. 59 261
[7]1 Aoki H and Dresselhaus M S (ed) 2014 Physics of Graphene
(New York: Springer)
[8] Apalkov V M and Chakraborty T 2014 Phys. Rev. Lett.
112 176401
[9] Kol A and Read N 1993 Phys. Rev. B 48 8890
[10] Pfannkuche D and MacDonald A H 1997 Phys. Rev. B
56 R7100
Doh H and Salk S H 1998 Phys. Rev. B 57 1312


http://dx.doi.org/10.1088/0370-1298/68/10/304
http://dx.doi.org/10.1103/PhysRevB.14.2239
http://dx.doi.org/10.1063/1.1412464
http://dx.doi.org/10.1103/PhysRevLett.92.256801
http://dx.doi.org/10.1016/j.physe.2004.06.021
http://dx.doi.org/10.1103/PhysRevLett.86.147
http://dx.doi.org/10.1016/j.physe.2003.09.031
http://dx.doi.org/10.1209/epl/i1996-00399-6
http://dx.doi.org/10.1088/0268-1242/11/11S/022
http://dx.doi.org/10.1038/nature12186
http://dx.doi.org/10.1126/science.1237240
http://dx.doi.org/10.1038/nature12187
http://dx.doi.org/10.1080/00018732.2010.487978
http://dx.doi.org/10.1103/PhysRevLett.112.176401
http://dx.doi.org/10.1103/PhysRevB.48.8890
http://dx.doi.org/10.1103/PhysRevB.56.R7100
http://dx.doi.org/10.1103/PhysRevB.57.1312

J. Phys.: Condens. Matter 27 (2015) 185301

A Ghazaryan et al

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

Apalkov V M and Chakraborty T 2006 Phys. Rev. Lett.
97 126801

Khveshchenko D V 2007 Phys. Rev. B 75 153405

Abanin D A, Feldman B E, Yacoby A and Halperin B 12013
Phys. Rev. 88 115407

Sodemann I and MacDonald A H 2014 Phys. Rev. Lett.
112 126804

Apalkov V M and Chakraborty T 2010 Phys. Rev. Lett.
105 036801

Apalkov V M and Chakraborty T 2011 Phys. Rev. Lett.
107 186803

Chakraborty T and Apalkov V in [7] chapter 8

Chakraborty T and Apalkov V M 2013 Solid State Commun.
175 123

Apalkov V and Chakraborty T 2014 Solid State Commun.
177 128

Abergel D S L and Chakraborty T 2009 Phys. Rev. Lett.
102 056807

Abergel D, Apalkov V and Chakraborty T 2008 Phys. Rev. B
78 193405

Abergel D, Pietilainen P and Chakraborty T 2009 Phys. Rev. B
80 081408

Apalkov V and Chakraborty T 2012 Phys. Rev. B 86 035401

Chakraborty T and Pietilainen P 1995 The Quantum Hall
Effects (New York: Springer)

Chakraborty T and Pietilainen P 1988 The Fractional
Quantum Hall Effect (New York: Springer)

Du X, Skachko I, Duerr F, Luican A and Andrei E Y 2009
Nature 462 192

(20]
(21]

[22]
(23]
[24]

[25]

[26]

Abanin D A, Skachko I, Du X, Andrei E Y and Levitov L S
2010 Phys. Rev. B 81 115410

Bolotin K I, Ghahari F, Shulman M D, Stormer H L and Kim P
2009 Nature 462 196

Ghabhari F, Zhao Y, Cadden-Zimansky P, Bolotin K and Kim P
2011 Phys. Rev. Lett. 106 046801

Yu G L et al 2014 Nat. Phys. 10 525

Zak J 1964 Phys. Rev. 133 A1602

Brown E 1964 Phys. Rev. 133 A1038

Haldane F D M 1985 Phys. Rev. Lett. 55 2095

Dean C R 2015 private communications and unpublished

Kuhl U and Sockmann H-J 1998 Phys. Rev. Lett. 80 3232

Richoux O and Pagneux V 2002 Europhys. Lett. 59 34

Aidelsburger M et al 2013 Phys. Rev. Lett. 111 185301

Miyake H et al 2013 Phys. Rev. Lett. 111 185302

Chakraborty T 1990 Surf. Sci. 229 16

Chakraborty T 2000 Adv. Phys. 49 959

Chakraborty T and Pietilainen P 1996 Phys. Rev. Lett.
76 4018

Chakraborty T and Pietilainen P 1999 Phys. Rev. Lett. 83 5559

Chakraborty T and Pietilainen P 1989 Phys. Rev. B 39 7971

Apalkov V M, Chakraborty T, Pietilainen P and Niemela K
2001 Phys. Rev. Lett. 86 1311

Chakraborty T, Pietilainen P and Zhang F C 1986 Phys. Rev.
Lett. 57 130

Chakraborty T and Zhang F C 1984 Phys. Rev. B 29 7032

Zhang F C and Chakraborty T 1984 Phys. Rev. B 30 7320

Rauh A, Wannier G H and Obermair G 1974 Phys. Status
Solidi b 63 215


http://dx.doi.org/10.1103/PhysRevLett.97.126801
http://dx.doi.org/10.1103/PhysRevB.75.153405
http://dx.doi.org/10.1103/PhysRevB.88.115407
http://dx.doi.org/10.1103/PhysRevLett.112.126804
http://dx.doi.org/10.1103/PhysRevLett.105.036801
http://dx.doi.org/10.1103/PhysRevLett.107.186803
http://dx.doi.org/10.1016/j.ssc.2013.10.009
http://dx.doi.org/10.1103/PhysRevLett.102.056807
http://dx.doi.org/10.1103/PhysRevB.78.193405
http://dx.doi.org/10.1103/PhysRevB.80.081408
http://dx.doi.org/10.1103/PhysRevB.86.035401
http://dx.doi.org/10.1038/nature08522
http://dx.doi.org/10.1103/PhysRevB.81.115410
http://dx.doi.org/10.1038/nature08582
http://dx.doi.org/10.1103/PhysRevLett.106.046801
http://dx.doi.org/10.1038/nphys2979
http://dx.doi.org/10.1103/PhysRev.134.A1602
http://dx.doi.org/10.1103/PhysRev.133.A1038
http://dx.doi.org/10.1103/PhysRevLett.55.2095
http://dx.doi.org/10.1103/PhysRevLett.80.3232
http://dx.doi.org/10.1209/epl/i2002-00156-5
http://dx.doi.org/10.1103/PhysRevLett.111.185301
http://dx.doi.org/10.1103/PhysRevLett.111.185302
http://dx.doi.org/10.1016/0039-6028(90)90821-O
http://dx.doi.org/10.1080/00018730050198161
http://dx.doi.org/10.1103/PhysRevLett.76.4018
http://dx.doi.org/10.1103/PhysRevLett.83.5559
http://dx.doi.org/10.1103/PhysRevB.39.7971
http://dx.doi.org/10.1103/PhysRevLett.86.1311
http://dx.doi.org/10.1103/PhysRevLett.57.130
http://dx.doi.org/10.1103/PhysRevB.29.7032
http://dx.doi.org/10.1103/PhysRevB.30.7320
http://dx.doi.org/10.1002/pssb.2220630121

	 Acknowledgments
	 References

