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Chapter

Aspects of the Fractional Quantum Hall Effect in Graphene†
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aDepartment of Physics and Astronomy, University of Manitoba,

Winnipeg, Canada R3T 2N2; bDepartment of Physics and Astronomy,
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We present a brief overview of the nature of the fractional quantum Hall effect in monolayer
and bilayer graphene. After a short introduction of the effect and the pseudopotential descrip-
tion of interacting electrons in the quantum Hall regime, we discuss in detail the magnetic
field effects on electrons in a monolayer graphene. We also briefly discuss the experimental
signatures of the effect reported in the literature. In bilayer graphene, the effect manifests
itself in a very different manner and we discuss in detail the various novel effects one expects
there due to electron-electron interactions. The nature of the collective excitations of Dirac
fermions in trilayer graphene is also briefly discussed. Existence of some exotic states in bi-
layer graphene, such as the Pfaffian state is also highlighted. Finally, we have touched upon
the properties of the FQHE states of Dirac fermions on the surface of a topological insulator.

Contents

page

1. A brief history of the fractional quantum Hall effect 2
1.1. A novel many-body incompressible state 3
1.2. Pseudopotential description of interacting electrons 4

2. The advent of graphene 5
2.1. Massless Dirac fermions 6
2.2. Landau levels in graphene 7
2.3. Pseudopotentials in graphene 9
2.4. Nature of the incompressible states in graphene 10
2.5. Experimental observations of the incompressible states 13

3. Bilayer graphene 15
3.1. Magnetic field effects 16
3.2. Biased bilayer graphene 17
3.3. Pseudopotentials in bilayer graphene 20
3.4. Novel effects from electron-electron interactions 20
3.5. Interacting electrons in rotated bilayer graphene 25

4. Fractional quantum Hall effect in trilayer graphene 27
5. Some unique properties of interacting Dirac fermions 30

†H. Aoki & M. Dresselhaus (Eds.), Physics of Graphene (Springer, 2012).
∗Corresponding author. Email: tapash@physics.umanitoba.ca



November 5, 2011 11:36 Physics of Graphene, Eds. Hideo Aoki & Mildred Dresselhaus chapter

2

5.1. The pfaffians in condensed matter 31
5.2. The pfaffians in graphene 32
5.3. Interacting Dirac fermions on the surface of a topological insulator 37

6. Conclusions 44
Acknowledgements 45
References 45

1. A brief history of the fractional quantum Hall effect

The quantum Hall effects (QHEs), integral [1, 2] and fractional [3, 4] are un-
doubtedly two of the most spectacular discoveries of the past century that have
enormously enriched the field of condensed matter physics. Similarly, the theoret-
ical explanation of the fractional QHE (FQHE) by Laughlin [5, 6] was a brilliant
contribution to the annals of many-body physics. The experimental observation of
the QHEs is summarized in Fig. 1. A two-dimensional electron gas in ultra-pure
semiconductor materials, subjected to a high magnetic field and very low temper-
atures, i.e., in the extreme quantum limit, exhibits nearly vanishing longitudinal
conductivity, σxx → 0 and formation of steps in the Hall conductance

σxy = ν
e2

h
,

for special values of the quantum number ν. The filling factor ν is a simple integer
for the IQHE, and a rational fraction ν = p

q , with q being an odd integer, for the
FQHE.

In an ideal (non-interacting and disorder free) two-dimensional (2D) electron gas,
an external magnetic field applied perpendicular to the electron plane influences
the orbital motion of the electron and the energy spectrum is quantized into highly
degenerate Landau levels with energies

E =
(

n+ 1
2

)

~ωc,

where ωc = eB/m∗ is the cyclotron energy (∼ 10 meV for a magnetic field of
B = 10 Tesla). The number of states per unit area is NΦ = eB/h = 1/2π`20,

where `0 = (~/eB)
1

2 is the magnetic length. In units of the flux quantum, Φ0 =
h/e, NΦ = B/Φ0. Therefore in an area A, NΦ = Φ/Φ0, the number of flux quanta
threading through that area, which is the Landau level degeneracy in area A. The
Landau level filling factor is then

ν = Ne/NΦ = 2π`20ne,

where Ne is the number of electrons and ne is the electron density in the system.
For an integer filling factor, ν = j, the lowest j Landau levels are completely filled.

The next electron that is added to the system must then go to the next energy
level which requires a jump across the energy gap ~ωc. At very low temperatures
where the thermal energy is much lower than the cyclotron energy, the presence
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Figure 1. Fractional (and integer) filling factors where QHE is observed (adopted from [7]).

of a gap guarantees a dissipationless flow of current as indicated by the vanishing
longitudinal conductivity. The FQHE occurs when the magnetic field is so strong
that electrons partially fill only the lowest Landau level (LLL). In this case, for
noninteracting electrons the ground state is macroscopically degenerate. It is the
Coulomb interaction between the electrons that lifts the degeneracy and opens
a gap [7, 8]. The origin of the FQHE cannot therefore be understood based on
the behavior of individual electrons in a magnetic field. It is the behavior of the
collective wherein lies the clue, i.e., in the language of Laughlin [6, 9], it is an
emergent phenomenon. In the words of Störmer, electrons in this state conduct
“an elaborate, mutual, quantum-mechanical dance” [4]. The nature of that state is
discussed below.

1.1. A novel many-body incompressible state

The problem we face in describing the origin of the FQHE 1 can be clearly stated.
We have at our disposal,Ne two-dimensional electrons on a plane perpendicular to a
magnetic field B. The field is so strong that the energy separation between adjacent
Landau levels and the spin Zeeman energy are far greater than the characteristic
energy scale of the electron-electron (Coulomb) interactions. Mixing of Landau
levels can then be safely neglected. In that case, our job at hand is to evaluate
the energy spectrum and the wave functions of the system in the lowest Landau
level. We also need to determine the nature and origin of the excitation gap. It is
seemingly an intractable many-body problem with no small parameter present.

In 1983, just a year after the report of the discovery of the FQHE, Laughlin
proposed, based on an inspired guess, the celebrated trial wave function for the

1In this brief introduction to FQHE, we limit ourselves only to the description of the filling factor ν = 1
q
.

Interested readers could consult other sources for a more detailed account [7, 8, 10].
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many-electron state in the LLL [5]

Ψq

(

z1 · · · zN
e

)

=
∏

i>j

(

zi − zj

)q
exp

(

−
∑

i

|zi|2 /4
)

(1)

where z ≡ x + iy is the (complex) electron position and q is an odd integer thus
satisfying the antisymmetry requirement. By counting the maximal power of each
zi one can easily verify that the wave function given above corresponds to ν = 1

q

when Ne → ∞ [7]. An important property of this wave function is that, it vanishes
as the q−th power when one electron approaches the other [7]. This minimizes the
Coulomb interaction energy and hence the ground state energy. The wave function
describes an uniform density charge-neutral liquid state in which the electrons
condense [7].

Laughlin then explained why the ν = 1
3

state is so special. The many-electron
system at this filling factor is in fact, incompressible, and there exists an energy
gap. The energy gap implies that there is a positive discontinuity in the chemical
potential at this filling factor [11], which means a vanishing compressibility. The
chemical potential jump has indeed been measured experimentally for the FQHE
states [12]. Starting with the ν = 1

q state if we increase or decrease the number
of states by one, elementary excitations containing fractional charge, e∗ = ∓ e

q are

created [7]. These ‘quasiparticles’ also obey fractional statistics [13].
Laughlin’s theory for the FQHE is like good poetry in physics, rich in profound

ideas that has inspired researchers for decades and even from many other subfields
of physics [14]. Its novel concepts on correlated quantum fluids were certainly un-
conventional in the field where it was applied, viz. the semiconductors. In explaining
a truly remarkable macroscopic quantum phenomenon, Lauglin opened a floodgate
of novel ideas that is yet to subside. Description of all those ideas is however, far
beyond the scope of this brief introduction.

1.2. Pseudopotential description of interacting electrons

In the FQHE regime where the magnetic field is so strong that the spacing between
the Landau levels are (in the absence of any disorder) much larger than e.g., the
thermal energy, and all the degree of freedom are confined to a single Landau
level. In that situation, the Hamiltonian of the system is simply the projected
interparticle interaction. Haldane was the first to point out [15] that the interaction
energy of a pair of particles with the same Landau indices can be written

Hij =

∞
∑

m=0

VmPm
ij ,

where Pm
ij projects the pair of particles i, j onto the relative angular momentum

m. Antisymmetry of the electron wave function dictates that m is an odd integer.
The parameter Vm are the so-called Haldane pseudopotentials, which are defined
as the energy of two electrons with the relative angular momentum m. They are
determined by the structure of the wave functions of the corresponding Landau
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level and for the n-th Landau level can be found from the following expression [15]

V (n)
m =

∫ ∞

0

dq

2π
qV (q) [Fn(q)]

2
Lm(q2)e−q2

, (2)

where Lm(x) are the Laguerre polynomials, V (q) = 2πe2/(κq`0) is the Coulomb
interaction in the momentum space, κ is the background dielectric constant, and
Fn(q) is the form factor of the n-th Landau level. The form factor is completely de-
termined by the n-th Landau level wave functions. For conventional semiconductor
systems the form factors have the following form

Fn(q) = Ln

(

q2/2
)

. (3)

Therefore, any translationally and rotationally invariant two-body interaction, pro-
jected to a single Landau level can be described completely by a set of pseudopo-
tentials.

For the repulsive Coulomb potential, the pseudopotentials decrease with increas-
ing value of m [15]. In this context, it is interesting to note that the Laughlin state
at ν = 1

q
, with q being an odd integer, is quite unique. It has the property

Pm
ij ΨL = 0, for m < q.

The ν = 1
q Laughlin state is a zero-energy eigenstate with only Vm(m < q) being

non-zero. As the mean squared distance between the electrons is proportional to q
[7], the model potential is of short range. However, Haldane pointed out [16] that,
when one varies the pseudopotentials between a hard-core model with only non-
zero V1 and the true Coulomb system, the overlap between the true ground state
(in finite-size systems) and the Laughlin state is extremely good. This explains why
the Laughlin state captures the essential physics of the FQHE state by being close
to the exact ground state. It was also noted by Haldane that the pair interaction
potential Hij after projection into the subspace of fixed Landau index is discrete
[15]. This is the central feature of the physics underlying the incompressible many-
electron states that give rise to the FQHE [8, 15].

2. The advent of graphene

Just when everyone thought the glory days of the QHEs are perhaps over, along
came graphene [17, 18]. It is a single sheet of carbon atoms arranged in a honeycomb
(hexagonal) lattice, often described as a molecular chicken wire where one carbon
atom sits at each 120◦ corner. This material is perhaps the most interesting two-
dimensional systems possible, with unique electronic properties that are entirely
different (and unexpected) from those of conventional two-dimensional systems
[19]. Electronic band structure of graphene was theoretically studied as far back in
1947 [20]. Electrons and holes in graphene are described as ‘massless Dirac fermions’
because of their linear energy dispersion near the Fermi surface [21]. Graphene
is a bipartite lattice made up of two interpenetrating triangular sublattices that
provides a new degree of freedom for the electronic state, the pseudospin. Transport
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properties of graphene exhibit many novel features, most notably (in our context),
the room temperature QHE [22]. Bilayer graphene has also proven to be rich with
unique properties, e.g., the gate tunable band gap. Here the energy dispersion
corresponds to that of massive chiral fermions. A detailed account of all these can
be found in a review article by the present authors [23].

Since its isolation in 2004 [18], graphene has maintained a dominant presence
in the community. By August 2011, there were more than 11,000 publications
with the word ‘graphene’ in their titles. With the continued plethora of articles,
most notably, the superabundance of review articles [18, 21, 23–41] about various
properties of graphene makes it abundantly clear that our fascination with this
system is far from being over, and one expects more surprising discoveries in the
coming years.

2.1. Massless Dirac fermions

The two-dimensional lattice of graphene has the honeycomb structure, consist-
ing of two inequivalent sublattices of carbon atoms, say A and B (Fig. 2). The
nearest-neighbor tight-binding description of graphene results in a band structure
with the Fermi level located at two inequivalent points, K= (2π/a)( 1

3
, 1√

3
) and

K′ = (2π/a)(2
3 , 0), of the first Brillouin zone. Here a = 0.246 nm is the lattice con-

stant. The tight-binding approximation is valid in a wide range of energy. Within
the effective mass approximation which addresses the low-energy properties, these
points correspond to two valleys, K and K′. In each valley the low-energy electron
dynamics near the Fermi energy is described by the following Hamiltonian [21]

Hξ = ξvF

(

0 p−
p+ 0

)

, (4)

where p− = px − ipy, p+ = px + ipy, and ~p is the two-dimensional momentum

of an electron. Here vF ≈ 106 m/s is the Fermi velocity, which can be related to
the hopping integral, γ0, between the nearest neighbor sites, vF =

√
3γ0a/2~. The

index ξ is 1 and −1 for valleys K and K′, respectively. Without the spin-orbit
interaction [42–44], each level determined by the Hamiltonian (4) has a two-fold
spin degeneracy. The wave functions corresponding to the Hamiltonian (4) have two
components belonging to sublattices A and B, and can be expressed as (ψA, ψB)T

for valley K and (ψB, ψA)T for valley K′, where ψA and ψB are wave functions of
sublattices A and B, respectively.

The single-electron states obtained from the Hamiltonian (4) has a linear disper-
sion relation given by

ε(p) = ±vFp, (5)

which is the dispersion relation of Dirac “relativistic” massless particles. In addition
to spin degeneracy each energy level has a two-fold valley degeneracy. The smooth
impurity potentials or electron-electron interactions introduce coupling of different
valleys. However, due to the large momentum separation of the valley states this
coupling is weak and can be safely ignored.
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Figure 2. The honeycomb lattice structure of graphene with two sublattices A and B. Within the nearest
neighbor tight-binding approximation the atoms of sublattice A are coupled to atoms of sublattice B
through the hopping integral γ0.

2.2. Landau levels in graphene

In the tight-binding model the magnetic field is introduced through the Peierls
substitution which introduces a magnetic field dependence of the hopping integrals.
Within this approach the Landau levels with both low and very high indices can
be obtained. Formation of the incompressible liquids in graphene due to electron-
electron interactions is expected to occur at low Landau level indices. To study
those Landau levels the effective mass approximation, described by the Hamiltonian
(4) is fully adequate. The magnetic field is introduced in the Hamiltonian (4) by
replacing the electron momentum ~p with the generalized momentum ~π = ~p +
e ~A/c where ~A is the vector potential. Then the Hamiltonian of an electron in a
perpendicular magnetic field in valley ξ takes the form

Hξ = ξvF

(

0 π−
π+ 0

)

. (6)

The eigenfunctions of the Hamiltonian (6) can be expressed in terms of the con-
ventional Landau wave functions, φn,m [45], for a particle obeying the parabolic
dispersion relation with the Landau index n and intra-Landau index m, which
depends on the choice of the gauge. For example, in the Landau gauge, Ax = 0
and Ay = Bx, the index m is the y-component of the momentum, while in the

symmetric gauge, ~A = 1
2
~B×~r, the index m is the z-component of electron angular

momentum. For these wave functions, φn,m, the operators π+ and π− are the rais-
ing and lowering operators, respectively. This means that they increase or decrease
the Landau level index, n:

vFπ+φn,m = −i~ωB

√
n+ 1φn+1,m,

vFπ−φn,m = i~ωB

√
nφn−1,m,

where ωB =
√

2vF/`0. The Landau eigenfunctions of the Hamiltonian (6) can then
be written in the form

Ψn,m =

(

in−1χ1φn−1,m

inχ2φn,m

)

, (7)
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where the coefficients χ1 and χ2 satisfy the following eigenvalue matrix equation

εχ1 = −ξ~ωBχ2 (8)

εχ2 = −ξ~ωBχ1. (9)

The resulting discrete Landau energy spectrum has both negative (valence band)
and positive (conduction band) values, which are described by introducing integer
values for the Landau index n = 0,±1,±2, . . ., which also include the negative
values of n. In terms of n, the Landau energy spectrum of electrons in graphene
takes the form

εn = ~ωB sgn(n)
√

|n|, (10)

where

sgn(n) =







0 (n = 0)
1 (n > 0)
−1 (n < 0).

(11)

Each energy level (10) has a two-fold valley degeneracy. The wave functions corre-
sponding to the Landau levels (10) can be obtained from (8)-(9) in the following
form

ΨK
n,m =

(

ψA

ψB

)

= Cn

(

sgn(n)i|n|−1φ|n|−1,m

i|n|φ|n|,m

)

, (12)

for valley K (ξ = 1) and

ΨK′

n,m =

(

ψB

ψA

)

= Cn

(

sgn(n)i|n|−1φ|n|−1,m

i|n|φ|n|,m

)

, (13)

for valley K′ (ξ = −1). Here Cn = 1 for n = 0 and Cn = 1/
√

2 for n 6= 0.
The Landau levels in graphene have a square-root dependence on both the mag-

netic field and the Landau level index. For vF ∼ 106 m/s, the Landau level energy

spectrum takes the form, εn ≈ 36
√

B[Tesla]
√
n (meV). This behavior is clearly dif-

ferent from that in conventional (henceforth called non-relativistic to distinguish it
from the graphene system) semiconductor 2D system with a parabolic dispersion
relation, for which the energy spectrum has a linear dependence on both the mag-
netic field and the Landau level index. As an example, for the GaAs system the
Landau energy spectrum is εGaAs

n = ~ωc(n+ 1
2
) ≈ 1.7B[Tesla](n+ 1

2
) (meV). The

Landau level spectra for graphene and for the GaAs systems are shown in Fig. 3,
which illustrates their different behavior.

It is noteworthy that the n = 0 Landau level in graphene has zero energy at all
values of the magnetic field. It is populated equally by electrons and holes. The wave
functions at this Landau level are identical to those of n = 0 non-relativistic Landau
level [see Eqs. (12)-(13)]. Therefore the interaction properties and the FQHE of
the n = 0 Landau level in graphene are the same as for the non-relativistic n = 0
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Figure 3. The Landau levels as a function of the perpendicular magnetic field for graphene (red solid
lines) and a GaAs system (black solid lines). Numbers next to the lines are Landau level indices. In the
case of graphene, only the Landau levels with positive energy, corresponding to the conduction band, are
shown.

Landau level. The wave functions in higher Landau levels (|n| ≥ 1) are mixtures of
non-relativistic Landau wave functions belonging to different Landau level indices.
Therefore the interaction effects in these Landau levels should be very different
from those of the non-relativistic systems. The nature of the Landau levels, in
particular the lowest level can be effectively studied by measuring the quantum Hall
activation gaps in graphene. Measurements of the inter-Landau level activation gap
in graphene [46] revealed that the lowest LL is very sharp in contrast to broadened
higher LLs, and the measured gap between the zeroth and the first Landau level
approaches the bare Landau-level splitting for high magnetic fields.

2.3. Pseudopotentials in graphene

As mentioned earlier, the interaction properties of electrons within a single Lan-
dau level are completely determined by the Haldane pseudopotentials (2). With
the known wave functions (12)-(13), the form factors in Eq. (2), can be readily
evaluated. For the n-th graphene Landau level 1, they are given by the following
expressions [47, 48]

F0(q) = L0

(

q2/2
)

(14)

Fn(q) = 1
2

[

Ln

(

q2/2
)

+ Ln−1

(

q2/2
)]

. (15)

With these form factors the pseudopotentials for graphene are then calculated
from Eq. (2). The pseudopotentials are given in units of the Coulomb energy,
εC = e2/κ`0, where κ is the background dielectric constant of the system.

To compare the interaction properties of graphene and the conventional non-
relativistic systems, we present in Fig. 4 the pseudopotentials calculated from

1If not otherwise stated, in what follows, we consider the positive values of n.
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Table 1. Characteristics of Haldane pseudopotentials for graphene and for conventional electron systems

V
(n)
1 /V

(n)
3 V

(n)
3 /V

(n)
5

n = 0 (graphene) 1.60 1.26
n = 0 (non-relativistic)
n = 1 (graphene) 1.68 1.33
n = 1 (non-relativistic) 1.32 1.36

Eq. (2) for graphene and for the non-relativistic system. Since the FQHE can
be realized only in the low-index Landau levels, in Fig. 4 the results are shown
only for small values of n (n ≤ 2). As it was mentioned above, for n = 0 graphene
and a non-relativistic system have the same pseudopotentials [Fig. 4 (a)]. In a
higher Landau level index there is an important difference in the behavior of the
pseudopotentials in these two systems. More specifically, for n = 1, the graphene
system shows a stronger electron-electron repulsion, i.e., a larger pseudopotential,
at small relative angular momentum, m < 2, and a weaker repulsion at a large
angular momentum, m ≥ 2, compared to that for a non-relativistic system [Fig. 4
(a)]. Based on the general properties of the Laughlin incompressible state we can
conclude that the stronger repulsion at small values of the angular momentum
implies a more stable FQHE state.

In Fig. 4 (b), the pseudopotentials of graphene are shown for different Landau
levels. Due to the antisymmetry of the electronic wave functions, only the pseu-
dopotentials with odd relative angular momenta contribute to the spin-polarized
FQHE states. Hence only the pseudopotentials with m = 1, 3, 5, . . . determine the
spin-polarized, and in the case of graphene, the valley-polarized properties of the
system. For these values of m the pseudopotentials in the n = 1 Landau level show

an interesting behavior: while for m = 3 and 5 the pseudopotential, V
(n)
m , mono-

tonically increases with n, for m = 1, the pseudopotential V
(n)
1 has a maximum at

n = 1 [see inset in Fig. 4(b)]. Therefore the electrons with relative angular momen-
tum m = 1 show the strongest repulsion in the n = 1 Landau level. This is different
from the behavior of a non-relativistic system, where the strongest repulsion is in
the lowest n = 0 Landau level.

The stability of the incompressible FQHE state, i.e., the magnitude of the FQHE
gap, depends on how fast the pseudopotentials decay with increasing relative an-
gular momentum. For spin and valley polarized electron systems this decay is de-

termined by the ratios V
(n)
1 /V

(n)
3 and V

(n)
3 /V

(n)
5 . The larger the ratios, the more

stable is the FQHE. In Table 1, the values of the ratios are shown for graphene and
for non-relativistic systems in two lowest Landau levels with n = 0 and 1. These

values clearly indicate that V
(n)
1 /V

(n)
3 has the largest value for graphene in the

n = 1 Landau level which suggests that the gaps of the FQHE states should have
the largest value in graphene in the n = 1 Landau level.

2.4. Nature of the incompressible states in graphene

Each Landau level in graphene is four-fold degenerate due to two-fold valley and
two-fold spin degeneracies. The spin degeneracy is partially lifted due to Zeeman
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Figure 4. The Haldane pseudopotentials shown as a function of the relative angular momentum for non-
relativistic and graphene systems at n = 0, 1 landau levels (a) and for graphene at n = 0, 1 and 2 Landau
levels (b). The inset in panel (b) shows the dependence of the pseudopotentials on the Landau level index
for graphene. The energy is measured in units of εC.

splitting, which is ∆Z = gµBB ≈ 1.5B [Tesla] (K) ≈ 0.13B [Tesla] (meV), where
g ≈ 2.2. The symmetry-breaking terms should be compared with the typical energy
of inter-electron interactions within a single Landau level, which is the Coulomb en-
ergy, εC = e2/κ`0. The Coulomb energy determines the magnitude of the Haldane

pseudopotentials and in graphene it is εC ≈ (54/κ)
√

B [Tesla] (meV). For κ ≈ 4 the

Coulomb energy becomes εC ≈ 14
√

B [Tesla] (meV). Due to a small value of the
dielectric constant, the Coulomb energy in graphene is a few time larger than the
corresponding energy in a non-relativistic system, where the dielectric constant
is about κ ∼ 13. The Coulomb interaction also introduces the valley-symmetry
breaking terms [48, 49], which are algebraically small in a/`0. For typical values of
the magnetic field, the Zeeman energy in graphene is almost two orders of mag-
nitude smaller than the Coulomb energy, ∆Z/εC ≈ 0.01

√

B [Tesla], and within a
good approximation, a single Landau level in graphene can be considered as the
four-fold degenerate level. Electrons within a single Landau level therefore have the
SU(4) symmetry with weak symmetry breaking terms due to the Zeeman splitting
and the valley asymmetry terms in the interaction Hamiltonian.

The properties of the FQHE are determined by the nature of the ground states,
e.g., valley or spin polarization of the ground states, and the value of the FQHE
gap, which characterizes the stability of the FQHE with respect to the temperature
and the disorder. Theoretically, the FQHE states are generally studied by numerical
diagonalization of the Hamiltonian matrix for finite-size electron systems in either
the planar (torus) or the spherical geometry [7]. In spherical geometry [16, 50–52]
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the magnetic field is introduced in terms of the integer number 2S of magnetic flux
quanta through the sphere in units of the flux quantum. Then the radius of the
sphere R is defined as R =

√
S`0. The single-electron states are characterized by

the angular momentum S, and its z component, Sz. The number of available states
in a sphere is (2S+1). These states correspond to a single Landau level in the planar
geometry. Then for a given number of electrons N the parameter S determines the
filling factor of the Landau level. In the thermodynamic limit the filling factor is ν =
Ne/(2S+1), but the exact relation between the FQHE filling factor and the number
of electrons depends on the type of the FQHE state. In the spherical geometry, the
many-particle states are described by the total angular momentum L and its z
component, while the energy depends only on L. For the many-electron system
only the lowest eigenvalues and eigenvectors of the interaction Hamiltonian matrix
are calculated [51]. These eigenstates determine the nature of the ground state of
the system and its neutral collective excitation gap. By varying the magnetic field
flux through the system the charged excitations can be also studied.

The valley and spin polarizations of the ground states at the major FQHE filling
factors, 1

3 , 2
3 , and 2

5 , were studied numerically for n = 0 and n = 1 Landau levels

[53–55]. It was found that in the n = 0 Landau level the ν = 1
3 ground state is valley

and spin polarized, but the ν = 2
3

and ν = 2
5

ground states are valley unpolarized
[49, 53, 54]. This behavior is similar to the non-relativistic 2D system with zero
Zeeman splitting, i.e., with the SU(2) symmetry. For n = 1 the graphene system
however shows a different behavior. In this case, the ground states at ν = 1

3
, 2

3
, and

2
5

are all valley polarized [54]. It was also shown that for the graphene system in

the n = 0 Landau level with filling factor ν = 2 + 1
3
, the 1

3
state is valley polarized

even at a small Zeeman splitting [55].
The gaps of the FQHE states, i.e., the stability of the incompressible states,

are determined by the Haldane pseudopotentials. From the general analysis of the
pseudopotentials in different Landau levels we can conclude that the FQHE is more
stable in the n = 1 Landau level in graphene. Therefore the largest FQHE gap is
expected in the n = 1 Landau level. This property is illustrated in Fig. 5, where
the energy spectra of the valley and spin polarized electron system at filling factors
1
3 and 1

5 are shown. In the spherical geometry, the filling factors ν = 1/q (q is an
odd integer) are realized at S = (q/2)(Ne − 1). The ground state of the 1/q FQHE
is well described by the Laughlin function [5, 7].

The energy spectra of the ν = 1
3

FQHE system is shown in Fig. 5 (a) for Ne = 8
electrons at the n = 0 and n = 1 Landau levels. The energy spectra in the n = 0
Landau level for graphene and the non-relativistic 2D system are exactly the same
with the same value of the excitation gap. For a non-relativistic system this is the
largest excitation gap of the ν = 1

3
FQHE state. That is not the case with graphene

where the FQHE gap has the largest value in the n = 1 Landau level [Fig. 5 (a)]. For
smaller filling factors, i.e., at ν = 1

5 , the pseudopotentials with larger values of the
relative angular momentum determine the properties of the system. As a result,
the difference between the FQHE states in the n = 0 and n = 1 Landau levels
becomes less pronounced, which is illustrated in Fig. 5 (b) for Ne = 6 electrons
and at the filling factor ν = 1

5 . This tendency is completely different from that of
the non-relativistic systems where the FQHE is strongly suppressed in the n = 1
Landau level.

The spectra shown in Fig. 5 correspond to the polarized neutral excitations of
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Figure 5. (a) The energy spectra of an eight-electron ν = 1
3
-FQHE system shown for different Landau

levels: n = 0 (stars) and n = 1 (filled circles). The flux quanta is 2S = 21. (b) Energy spectra of the

six-electron ν = 1
5
-FQHE system is shown for different Landau levels: n = 0 (stars) and n = 1 (filled

circles). The flux quanta here is 2S = 25.

the electron system and illustrate the relative strength of the electron-electron
interactions at different Landau levels in graphene. Due to the valley degeneracy of
the Landau levels in graphene, valley unpolarized excitations, which are of the type
of valley skyrmions, can have lower energies than those for polarized excitations.
Numerical analysis indicates that the lower-energy charged excitations at major
filling factors, ν = 1

3 ,
2
3 , and 2

5 , are unpolarized valley skyrmions [54].
For the SU(4) symmetric graphene electron system, i.e., at small Zeeman split-

ting, new types of FQHE states at filling factors ν = q/(2pq ± 1) with q ≥ 3 were
also proposed [56] in the n = 0 and n = 1 Landau levels. These states are ex-
pected in graphene because of the interplay between the spin and valley degrees of
freedom.

From the discussions above, it is quite clear that the electron-electron interactions
in graphene are more pronounced in the n = 1 Landau level, which should result
in more stable FQHE states with large excitation gaps in the n = 1 Landau level.
This is opposite to what we observe in a non-relativistic 2D system, where the
strongest interactions are realized in the n = 0 Landau level.

2.5. Experimental observations of the incompressible states

As explained in earlier chapters, experimental demonstration of the quantum Hall
plateaus at filling factors ν = 4

(

q + 1
2

)

[57, 58] quite convincingly confirmed the
Dirac nature of electron dynamics in graphene that was purely non-interacting
and devoid of any effects due to interactions among the electrons. Interestingly,
any collective behavior due to electron-electron interactions, akin to the FQHE was
found to be very difficult to observe. This is notwithstanding the strong unscreened
Coulomb forces that were supposed to exist between the charge carriers. Taking the
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Figure 6. The results of Andrei et al.: (a) Gate voltage dependence of resistance for a suspended graphene

sample shown at different magnetic fields and at temperature 1.2 K. The plateaus at ν = 1, 2, and 1
3

are

clearly visible. (b) The activation gap at ν = 1 and ν = 1
3
, obtained from the temperature dependence of

the diagonal conductivity.

cue from earlier studies of the FQHE in conventional two-dimensional electron gas
(2DEG), it was clear that experimental observation of these states crucially depend
on significantly high-quality samples where the Coulomb energy scale far exceeds
that of the impurity induced random potential fluctuations. Such a significant
improvement in sample quality was indeed achieved in suspended graphene (SG)
samples, where the substrate-induced perturbations were entirely eliminated [59,
60]. Observation of the quintessential 1

3
-FQHE in suspended graphene was first

reported by two groups [61–63]. Observation of a few other fractions followed soon
after.

It has been correctly pointed out by Skachko et al. [64] (also elaborated in the
previous subsection) that the FQHE in graphene can be expected to deviate from
that in conventional 2DEG in several important ways. First of all, electrons in
graphene are dynamically more two dimensional than in semiconductor quantum
wells, where the well widths range from 10-30 nm. This implies that the interaction
at short distances in graphene is much stronger than in quantum wells. Secondly,
electron-electron interactions in SG are enhanced even further due to the absence
of substrate screening (κ ∼ 1) as compared to, e.g., in GaAs, where κ ∼ 13. This
enhanced interaction leads to a larger gap [47], and therefore the FQHE state
persists at much higher temperatures. Finally, due to the four-fold spin and valley
degeneracy, the situation in graphene resembles more like what would be realized
in a double quantum well system, rather than a single quantum well. However,
unlike in a GaAs system the intra- and inter-well interactions in graphene are
almost identical. This suggests the existence of new FQHE states which are absent
in conventional systems [53, 65].

Experimental results of Andrei et al. [61, 62, 64] for quantum Hall plateaus at
ν = 1

3 in monolayer SG are shown in Fig. 6 (a) for various values of the applied

magnetic field. These authors noted that the plateau at 1
3 filling factor was very

robust – it appeared at ∼ 2 Tesla at low temperatures (∼ 1K) and persisted
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Figure 7. Results of Kim et al.: The Hall resistance and the diagonal resistance as a function of the
magnetic field for two samples in four-terminal measurements.

up to 20 K at B=12 Tesla. The robustness of the FQHE states can be further
assessed by studying the excitation gap [7]. The temperature dependence of the
diagonal resistivity ρxx (or diagonal conductivity σxx, since σxx ∼ ρxx/ρ

2
xy near the

ρxx minima) is interpreted as the activation energies in the FQHE [66–68]. These
energies are attributed to the energy gaps of the incompressible state at ν = 1

3
that separate the many-body ground state from the excited states. Measurements
of activation gaps at integer filling factors have been already reported for monolayer
[46] and bilayer [69] graphene.

The activation gap at ν = 1
3

in monolayer SG, as reported by Andrei et al. [62]
is shown in Fig. 6 (b). They obtained a value of ∆/kB = 4.4 K, where kB is the
Boltzmann constant. The corresponding value at ν = 1 was ∆/kB = 10.4 K. These
values are much higher than those in conventional semiconductor structures. For
example, in high mobility GaAs heterostructures, the ν = 1

3 activation gap is ∼ 2

K at 12 Tesla. The larger gap clearly signifies the robust nature of the 1
3 -FQHE

state in graphene.
Fractional QHE on ultraclean suspended graphene devices was also reported by

Kim et al. in two-terminal [63], and in multi-terminal [70] magnetotransport mea-
surements (Fig. 7). They also observed a remarkable stability of the correlated
state in graphene, as compared to that in conventional 2DEG, due to enhanced
electron-electron interaction. The energy gap was measured via thermal activa-
tion, and they reported the gap to be ∼ 20 K at 14 Tesla. Details about the
measurements by these two leading experimental groups can also be found in the
chapters by these groups in this book. Finally, magnetotransport measurements
on suspended bilayer and trilayer graphene systems have also been reported [71].
In bilayer systems, a small plateau at ν = 1

3
was observed. The 1

3
-FQH state was

not observed in trilayer graphene. More experiments on bilayer graphene would
certainly help resolving many of the novel effects found theoretically and discussed
below.
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Figure 8. Schematic illustration of two different stacking of bilayer graphene, consisting of two coupled
monolayers of graphene: (a) AA stacking; (b) Bernal stacking. Each graphene layer consists of two inequiv-
alent sites A and B. The intra-layer and intra-layer hopping integrals are shown by γ0 and γ1, respectively.

3. Bilayer graphene

Bilayer graphene consists of two coupled monolayers of graphene [72]. Depending
on the orientation of the monolayers, there are two main stacking arrangements of
graphene bilayer: (i) AA stacking and (ii) Bernal (AB) stacking. These two pos-
sibilities are shown schematically in Fig. 8. Only the nearest neighbor inter-layer
coupling, characterized by the inter-layer hopping integral, γ1, is introduced. A
typical value of inter-layer hopping integral is γ1 ≈ 400 meV. Unlike in mono-
layer graphene, the low energy excitations in bilayer graphene are massive with a
parabolic dispersion. The band structure is gapless. The dispersion can be probed
by measuring the activation gaps between the neighboring Landau levels [69].

The Hamiltonian of a bilayer graphene in perpendicular magnetic field is de-
scribed by a 4 × 4 matrix, which, within the basis of Hamiltonian (6) can be
expressed as

H(AA)
ξ = ξ









0 vFπ− ξγ1 0
vFπ+ 0 0 ξγ1

ξγ1 0 0 vFπ−
0 ξγ1 vFπ+ 0









, (16)

for the AA stacking and

H(AB)
ξ = ξ









0 vFπ− 0 0
vFπ+ 0 ξγ1 0

0 ξγ1 0 vFπ−
0 0 vFπ+ 0









, (17)

for the Bernal stacking. The Hamiltonians (16)-(17) are expressed in the basis
(ψA

1

, ψB
1

, ψA
2

, ψB
2

)T for the K valley (ξ = 1) and (ψB
2

, ψA
2

, ψB
1

, ψA
1

)T for the

K′ valley (ξ = −1). Here A1, B1 and A2, B2 correspond to sublattices of monolayers
1 and 2, respectively.
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3.1. Magnetic field effects

In an external magnetic field each monolayer has discrete sets of Landau levels,
which are coupled in bilayer graphene. For the AA and AB stackings the coupling
of Landau levels have different structures. For the AA stacking the coupling oc-
curs between the same Landau levels, i.e., with the same Landau index n, of two
monolayers, resulting in a splitting of the initially degenerate Landau levels of two
monolayers. The wave functions of bilayer graphene with the AA stacking have the
following form

Ψ(bi)
n,m =

(

Ψ
(mono)
n,m

±Ψ
(mono)
n,m

)

∼











φ|n|−1,m

φ|n|,m
φ|n|−1,m

φ|n|,m











, (18)

which shows that the wave functions of bilayer graphene with AA stacking is the
mixture of |n|-th and (|n| − 1)-th non-relativistic Landau wave functions. The
Haldane pseudopotentials of the bilayer Landau levels are completely identical
to the corresponding pseudopotentials of the monolayer graphene. Therefore the
FQHE in such a bilayer does not bring in any new features.

A different situation occurs for the Bernal stacking, which introduces coupling
between different Landau levels of the two layers. The structure of the wave func-
tions of such a bilayer graphene is as follows

Ψ(bi)
n,m ∼











φ|n|−1,m

φ|n|,m
φ|n|,m
φ|n|+1,m











. (19)

In this case the wave functions of bilayer graphene correspond to mixtures of the
non-relativistic Landau wave functions with indices n − 1, n, and n + 1. Such a
mixture can modify the interaction within a single Landau level of bilayer graphene
and influence the properties of the FQHE in this system. In what follows, we
consider only the bilayer graphene with Bernal stacking.

3.2. Biased bilayer graphene

In addition to the inter-layer coupling, there are few other parameters, which can
control the interaction properties of bilayer graphene. There parameters are inter-
layer bias voltage, U , which can be varied for a given system [73, 74], and the intra-
layer asymmetry, ∆, in the bottom layer, which is in contact with a substrate. Such
an asymmetry depends on the substrate and results in different on-site energies for
sublattices A1 and B1. With these additional terms the Hamiltonian of bilayer
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graphene with Bernal stacking takes the form [75]

H(AB)
ξ = ξ









U
2 + ∆

4 (1 + ξ) vFπ− 0 0
vFπ+

U
2 − ∆

4 (1 + ξ) ξγ1 0
0 ξγ1 −U

2 + ∆
4 (1 − ξ) vFπ−

0 0 vFπ+ −U
2 − ∆

4 (1 − ξ)









.

(20)
The eigenfunctions of Hamiltonian (20) have the following form [see Eq. (19)]

Ψ(bi)
n,m =











ξC1φ|n|−1,m

iC2φ|n|,m
iC3φ|n|,m
ξC4φ|n|+1,m











, (21)

where the coefficients, C1, C2, C3, and C4, can be found from the following linear
system of equations

εC1 = [ξu+ δ(1 + ξ)]C1 −
√
nC2 (22)

εC2 = [ξu− δ(1 + ξ)]C2 −
√
nC1 + γ̃1C3 (23)

εC3 = [−ξu− δ(1 − ξ)]C3 +
√
n+ 1C4 + γ̃1C2 (24)

εC4 = [−ξu+ δ(1 − ξ)]C4 +
√
n+ 1C3, (25)

where all energies are expressed in the units of εB = ~vF/`0, ε is the energy of the
Landau level, δ = ∆/(4εB), u = U/(2εB), and γ̃1 = γ1/εB.

Then the eigenvalue equation which determines the Landau energy spectrum of
bilayer graphene is given by [76]

[

(ε+ ξu)
2 − δ2 (1 − ξ)

2 − 2n
] [

(ε− ξu)
2 − δ2 (1 + ξ)

2 − 2(n+ 1)
]

= γ̃2
1

[

(ε− δ)2 − (u+ δ)2
]

. (26)

For each value of n ≥ 0 there are four solutions of the eigenvalue equation (26),
corresponding to four Landau levels in a bilayer graphene for a given valley, ξ = ±1.
For convenience, let us introduce the following labelling scheme for these Landau
levels. The four Landau levels correspond to two valence levels which usually have
negative energies, and two conduction levels, which have positive energies. Then
the four Landau levels of bilayer graphene for a given value of n (n ≥ 0) and a given

valley, ξ, can be labelled as n
(ξ)
i , where i = −2,−1, 1, 2 is the label of the Landau

level in the ascending order. Here negative and positive values of i correspond to
valence and conduction levels, respectively. For zero bias voltage, U = 0, and zero
intra-layer asymmetry, ∆ = 0, these four Landau levels are

ε = ±
√

2n+ 1 +
γ̃2
1

2
± 1

2

√

(2 + γ̃2
1)2 + 8nγ̃2

1 . (27)

In this case each Landau level has two-fold valley degeneracy, i.e., no dependence
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on the index ξ in Eq. (27). For finite values of U and ∆ the valley degeneracy
is lifted. For zero intra-layer asymmetry, ∆ = 0, the Landau energy spectra of
two valleys are not independent. They are related through the following equation

ε(n
(ξ)
i ) = −ε(n(−ξ)

−i ), where ε(n
(ξ)
i ) is the energy of the Landau level n

(ξ)
i .

The coefficients C1, C2, C3, and C4, determined from the solution of the eigen-
value equation (26) and the system of equations (22)-(25), are expressed as

C1 = f

[

2γ̃1n

[ε+ ξu− δ(1 − ξ)] [(ε+ ξu)2 − δ2(1 − ξ)2 − 2n]

]
1

2

C2 = f

[

γ̃1 [ε− ξu− δ(1 + ξ)]

[(ε− ξu)2 − δ2(1 + ξ)2 − 2(n+ 1)]

]
1

2

C3 = f

[

γ̃1 [ε+ ξu− δ(1 − ξ)]

[(ε+ ξu)2 − δ2(1 − ξ)2 − 2n]

]
1

2

C4 = f

[

2γ̃1(n+ 1)

[ε− ξu− δ(1 + ξ)] [(ε− ξu)2 − δ2(1 + ξ)2 − 2(n+ 1)]

]
1

2

.

Here constant f is determined from the normalization condition, |C1|2 + |C2|2 +
|C3|2 + |C4|2 = 1.

Since the FQHE is expected only in the Landau levels with low values of the
index, n, we consider below the sets of Landau levels of bilayer graphene with
n = 0 and n = 1 only. The wave functions of these Landau levels are mixtures of
the conventional non-relativistic Landau functions with indices 0, 1, and 2.

There are two special Landau levels of bilayer graphene which have unique prop-
erties. For n = 0 there is a solution of Eq. (26) with energy ε = −u for the K
valley (ξ = 1) and ε = u+ 2δ for the K′ valley (ξ = −1). The corresponding wave
function has the form

Ψ
(bi)
0
1
,m =









φ0,m

0
0
0









. (28)

This Landau level of bilayer graphene does not have any admixture of other Landau
levels and has exactly the same properties as the 0-th conventional non-relativistic
Landau level. At zero u and δ this Landau level has exactly zero energy.

At small values of u and δ there is another solution of Eq. (26) with n = 0 and
almost zero energy, ε ≈ 0. The corresponding Landau level has the following wave
functions

Ψ
(bi)
0
−1

,m =
1

√

γ̃2
1 + 2









γ̃1φ1,m

0√
2φ0,m

0









=
1

√

γ2
1 + 2ε2B









γ1φ1,m

0√
2εBφ0,m

0









. (29)

The properties of this Landau level depends on the strength of the magnetic field.
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In a small magnetic field, εB � γ1, the wave function becomes (ψ1,m, 0, 0, 0)
T and

the Landau level becomes identical to the n = 1 non-relativistic Landau level.
For a large magnetic field εB � γ1, the Landau level wave function becomes
(0, 0, ψ0,m, 0)

T and the bilayer Landau level has the same properties as for the
n = 0 non-relativistic Landau level.

3.3. Pseudopotentials in bilayer graphene

Once the wave functions (21) of the bilayer Landau level are evaluated, the form
factor in the Haldane pseudopotentials (2) can be obtained from

Fn(q) = |C1|2Ln−1(q
2/2) +

(

|C2|2 + |C3|2
)

Ln(q2/2) + |C4|2Ln+1(q
2/2). (30)

In fact, the shape of the form factor tells us about the interaction effects within
the bilayer Landau levels. For the Landau level 01, defined by (28), the form factor
is F0

1

= L0(q
2/2), which is exactly the same as the the form factor (3) of the

non-relativistic system in the n = 0 Landau level. Therefore the interaction effect
in this Landau level is the same as in the n = 0 non-relativistic Landau level.

The bilayer Landau level 0−1, defined by (29), exhibits an interesting behavior
of bilayer graphene with increasing magnetic fields. The form factor corresponding
to that Landau level (29) is given by

F0
−1

(q) =

[

γ2
1

γ2
1 + 2ε2B

]

L1(q
2/2) +

[

2ε2B
γ2
1 + 2ε2B

]

L0(q
2/2). (31)

With increasing magnetic field, i.e., increasing εB, the bilayer Landau level 0−1

becomes identical to (i) the n = 1 non-relativistic Landau level with the form
factor L1(q

2/2) for a small magnetic field, εB � γ1; (ii) the n = 1 Landau level of
monolayer graphene with the form factor 1

2 [L0(q
2/2) + L1(q

2/2)] for εB = γ1/
√

2;
and, (iii) the n = 0 non-relativistic Landau level with the form factor L0(q

2/2)
for a large magnetic field, εB � γ1. For typical values of γ1, only the first regime
will be accessible experimentally. For example, for γ1 = 400 meV the condition
εB = γ1/

√
2 is achieved for a magnetic field of B = 120 Tesla.

3.4. Novel effects from electron-electron interactions

Once the pseudopotentials are known, the FQHE states in graphene bilayer can
be studied using very accurate numerical techniques. Compared to the monolayer
graphene, bilayer graphene has additional parameters by which we can control
the electron-electron interaction strength. As we recall, in monolayer graphene the
interaction strength depends only on the Landau level index. In bilayer graphene
the inter-electron interaction strength depends also on the magnetic field, the bias
voltage U , and the intra-layer asymmetry ∆. By varying these parameters, the
stability, i.e., the excitation gap of the FQHE states can therefore be controlled
[77].

Stable FQHE states in bilayer graphene are expected in the n = 0 and n = 1
bilayer Landau level sets. These sets are the mixtures of n = 0, n = 1, and n = 2
non-relativistic Landau level wave functions. The mixture depends on the values



November 5, 2011 11:36 Physics of Graphene, Eds. Hideo Aoki & Mildred Dresselhaus chapter

21

Figure 9. Landau levels of bilayer graphene [panels (a) and (c)] are shown as a function of the bias voltage,

U . Panels (b) and (b): the Coulomb gaps of 1
3
−FQHE in corresponding Landau levels. The numbers next

to the lines are the labels of the Landau levels. The same types of lines [in panels (a) and (b) and panels
(c) and (d)] correspond to the same Landau levels. Panels (a) and (b) correspond to valley K, while panels
(c) and (d) correspond to valley K′. The system is characterized by ∆ = 150 meV, γ1 = 400 meV, and a
magnetic field B = 15 Tesla. The arrows in panels (a) and (c) show the Landau level with the strongest
1
3
−FQHE. The arrows in panels (b) and (d) indicate the gap of 1

3
−FQHE in the n = 1 Landau level of

monolayer graphene.

of the parameters of the system. With a non-zero bias voltage and intra-layer
asymmetry, the valley degeneracy of the Landau levels of bilayer graphene is lifted,
resulting in different properties of Landau levels for different valleys.

The stability of the FQHE state is characterized by the value of the corresponding
FQHE gap. For the primary filling fractions of the FQHE, i.e., ν = 1

3
, 1

5
, 2

5
etc.,

the bilayer system shows a similar behavior. Therefore, in what follows, only the
results for ν = 1

3
FQHE state are shown. The general behavior of the FQHE gap

for different parameters of the bilayer system is illustrated in Figs. 9-11. For each
value of n, n = 0 and n = 1, there are four Landau levels in each valley. Within
this set of bilayer Landau levels, there is one special Landau level which has an

unique property. This Landau level has the label 0
(+)
1 with the wave function given

by Eq. (28), which is just the n = 0 non-relativistic Landau wave function for all

parameters of the bilayer graphene. Therefore, the interaction properties within this
Landau level are identical to the interaction properties of the n = 0 non-relativistic
Landau level and correspondingly the n = 0 Landau level of monolayer graphene.
The gap of the FQHE at this Landau level does not depend on the parameters
of the system and is the same as that of the n = 0 monolayer graphene. This

property is shown in Figs. 9-11, where the FQHE gap of the Landau level 0
(+)
1

does not depend on the parameters of bilayer graphene.
From Figs. 9-11 it is quite clear that in each valley the bilayer graphene has

four Landau levels with a strong 1
3
−FQHE for all values of the parameters of the

system. These levels have the following labels: 0
(+)
−2 , 0

(+)
1 , 0

(+)
2 , 1

(+)
1 (valley K)

and 0
(−)
−2 , 0

(−)
−1 , 0

(−)
2 , 1

(−)
−1 (valley K′). Therefore for a given valley there are three

Landau levels with n = 0 and one Landau level with n = 1, which show a stable



November 5, 2011 11:36 Physics of Graphene, Eds. Hideo Aoki & Mildred Dresselhaus chapter

22

Figure 10. Landau levels of bilayer graphene [panels (a) and (c)] are shown as a function of the intra-layer

asymmetry, ∆. Panels (b) and (b): the Coulomb gaps of 1
3
−FQHE in corresponding Landau levels. The

numbers next to the lines are the labels of the Landau levels. The same types of lines [in panels (a) and (b)
and panels (c) and (d)] correspond to the same Landau levels. Panels (a) and (b) correspond to valley K,
while panels (c) and (d) correspond to valley K′. The system is characterized by U = 200 meV, γ1 = 400
meV, and a magnetic field B = 15 Tesla. The arrows in panels (a) and (c) show the Landau level with the

strongest 1
3
−FQHE. The arrows in panels (b) and (d) indicate the gap of 1

3
−FQHE in the n = 1 Landau

level of monolayer graphene.

FQHE. The gaps of the corresponding FQHE states are usually between the gaps
of n = 0 and n = 1 ν = 1

3−FQHE state in monolayer graphene. The value of the

gap of the 1
3−FQHE state in the n = 1 Landau level of monolayer graphene is

shown by red arrows in Figs. 9-11. In the Landau level 0
(+)
−2 , for a large asymmetry

(see Fig. 10), the FQHE state becomes more stable than the corresponding state
in monolayer graphene.

The Landau level with the label 0
(+)
−1 shows strong dependence of the interaction

properties on the parameters of the system. Namely, with increasing bias voltage or
intra-layer asymmetry, the gap of the FQHE state and correspondingly its stability
strongly increases. At a fixed filling factor of bilayer graphene this type of behavior
can result in unique experimental observation of a transition from a non-FQHE
state at small values of the bias voltage (for example) to a FQHE state at large
bias voltages.

The solid black lines in Figs. 9-11 correspond to the Landau levels without a
stable FQHE state. It should be noted that there is also no clear boundary be-
tween the Landau levels with and without the FQHE, i.e., between two Landau
levels with the FQHE there is a Landau level without FQHE (see Fig. 9). This
property can be observed experimentally if the FQHE is studied as a function of
the filling factor of bilayer graphene while the other parameters of the system are
fixed. That means, if one varies the filling factor of bilayer graphene and studies
the 1

3
−state at each Landau level then one should be able to observe transitions

from the FQHE to no-FQHE and back to the FQHE state. We should empha-
size that this unique phenomenon has never been observed before in conventional
two-dimensional systems.

The results illustrated in Fig. 9-11 are typical for the large inter-layer hopping
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Figure 11. Landau levels of bilayer graphene [panels (a) and (c)] are shown as a function of the magnetic

field. Panels (b) and (b): the Coulomb gaps of the 1
3
−FQHE in corresponding Landau levels. The numbers

next to the lines are the labels of the Landau levels. The same types of lines [in panels (a) and (b) and
panels (c) and (d)] correspond to the same Landau levels. Panels (a) and (b) correspond to the valley
K, while panels (c) and (d) correspond to the valley K′. The system is characterized by ∆ = 150 meV,
U = 200 meV, and γ1 = 400 meV. The arrows in panels (a) and (c) show the Landau level with the

strongest 1
3
−FQHE. The arrows in panels (b) and (d) indicate the gap of the 1

3
−FQHE state in the n = 1

Landau level of monolayer graphene.

integral, γ1 ≈ 400 meV. At smaller values of γ1, bilayer graphene shows additional
features due to anticrossing of the Landau levels as a function of the parameters of
the system, i.e., the bias voltage. Such an anticrossing results in a transition of the
type, FQHE – no FQHE – FQHE within the same Landau level [77]. This behavior
is illustrated in Fig. 12 for three different values of the inter-layer hopping integral.
The anticrossing and the coupling of different Landau levels is more pronounced
at small values of γ1. The anticrossing should be experimentally observable if the
filling factor of bilayer graphene is kept fixed and the bias voltage is varied.

For a small inter-layer tunnelling integral and a small bias voltage, some Landau
levels in bilayer graphene show strong non-monotonic behavior of the FQHE gap
with well-pronounced maxima. This property is illustrated in Fig. 13, where the
FQHE gap is shown as a function of the intra-layer coupling, γ1, for two values

of the bias voltage, U . For small bias voltage the Landau level 0
(−)
1 has the wave

function of the form of Eq. (29). With variation of the intra-layer tunnelling in-
tegral, the wave function (29) transforms from the n = 0 non-relativistic Landau
wave function for small γ1 to the n = 1 monolayer graphene Landau function for

γ1 = 2
1

2 ~vF/`0 and finally to the n = 1 non-relativistic Landau level function for

large γ1. Therefore the FQHE gap of bilayer graphene in the 0
(−)
1 Landau level is

equal to the FQHE gap of the n = 0 non-relativistic Landau level for small γ1 and

to the FQHE gap of the n = 1 monolayer graphene Landau level for γ1 = 2
1

2 ~vF/`0.
This property is illustrated in Fig. 13(a), where a strong non-monotonic behavior

of the FQHE gap of the 0
(−)
1 Landau level is shown. The maximum of the FQHE

gap at γ1 ≈ 2
1

2 ~vF/`0 corresponds to the FQHE gap at n = 1 monolayer graphene
Landau level.
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Figure 12. A few lowest Landau levels of the conduction band as a function of the bias potential, U , for
different values of inter-layer coupling: (a) γ1 = 30 meV (b) γ1 = 150 meV and (c) γ1 = 300 meV and a
magnetic field of 15 Tesla. The intra-layer asymmetry ∆ is zero. The numbers next to the curves denote the
corresponding Landau levels. Left and right columns correspond to the K and K ′ valleys, respectively. The
Landau levels where the FQHE can be observed are drawn as blue and green filled dots. The green dots
correspond to the Landau levels where the FQHE states are identical to that of a monolayer of graphene
or a non-relativistic conventional system. The red dots represent Landau levels with weak FQHE. The
open dots correspond to Landau levels where the FQHE is absent. In (a), the dashed lines labeled by (i)
illustrates the transition between FQHE (symbol ‘F’) and no FQHE (symbol ‘NF’) states under a constant
gate voltage and variable bias potential [77].

The above analysis clearly indicates that the interaction properties of biased
bilayer graphene depend both on magnetic field and on the parameters of the
system, such as the bias voltage, intra-layer asymmetry, and the inter-layer hopping
integral. In each valley there are a few Landau levels which display a strong FQHE,
the gap of which depends on the parameters of the bilayer. This dependence can
be observed experimentally as transitions between the FQHE and no-FQHE states
within the same Landau level when the parameters of the system, e.g., the bias
voltage, are changed. Although the FQHE gaps can be controlled by the parameters
of the bilayer system, the gaps usually do not exceed the corresponding FQHE gaps
in monolayer graphene.

3.5. Interacting electrons in rotated bilayer graphene

Epitaxial graphene [78], which is thermally grown on the C face of the SiC sub-
strate, as well as graphene grown by chemical vapor deposition (CVD) [79], are
multilayer films and yet, quite surprisingly display behavior similar to that of a
single layer graphene [80]. These systems are known to have a high degree of ro-
tational misalignments [81]. Theoretical studies of turbostratic bilayer graphene
[82–84] have indicated that in this case the interlayer coupling is suppressed and
the systems can be roughly considered as two decoupled layers of graphene, as con-
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Figure 13. The FQHE gaps shown for different Landau levels. The labels next to the lines denote the
corresponding Landau levels. (a) U = 10 meV, and (b) U = 300 meV. All systems are fully spin polarized
and the magnetic field is 15 Tesla. The intra-layer asymmetry ∆ is zero [77].

firmed by scanning tunneling spectroscopy together with Landau level spectroscopy
measurements [85]. At the same time due to the modulated nature [83] of the in-
terlayer transfer integral, these systems show quite rich low-energy physics, which
strongly depends on the nature of the commensurate stacking faults [84]. In this
section, we will deal with the question: how does the electron-electron interaction
manifest itself in a rotated bilayer graphene?

In a misoriented bilayer graphene, one graphene layer is rotated relative to the
other layer by an angle θ. We assume that the axis of rotation passes through
the atoms of A-sublattices in the two layers. In general, the axis can pass though
any point of the bilayer. There is a special type of rotation, called commensurate
rotation, which is determined by the condition that the atoms of the two layers
are coincident not only at the axis of rotation but also at some other points. The
angles corresponding to the commensurate stacking fault are determined from:
cos θ = (3q2 − p2)/(3q2 + p2), where q > p > 0 are integers [83].

There are two types of commensurate rotations that are distinguished by their
symmetry, even or odd, with respect to the sublattice exchange [84]. For the even
commensurate stacking fault both A and B sublattice sites of the two layers are
coincident at some point, while for the odd stacking fault only A sublattice sites of
the two layers are coincident both at the axis of rotation and at some other points.
The regular stacking orientations, AA or Bernal, are realized at the following angles:
AA-stacking - at angle θ = 0, which corresponds to the even stacking orientation,
and Bernal stacking - at angle θ = 60◦, which is the odd orientation.

The even and odd stacking faults can also be described in terms of the properties
of reciprocal lattices of the two layers [84]. The reciprocal lattice of a graphene layer

consist of K and K′ sets of points: ~K+ ~Gm,k,
~K ′+ ~Gm,k, where ~Gm,k = m~G1+k ~G2,

m and k are integers, ~G1 = 2π/a(1, 1√
3
) and ~G2 = 2π/a(0, 2√

3
) are primitive

reciprocal lattice vectors, and ~K = 2π/a(1
3 ,

1√
3
), ~K ′ = 2π/a(2

3 , 0). These two sets

of points correspond to two valleys of graphene. Then in terms of the reciprocal
lattices a rotation by angle θ in real space corresponds to a rotation by angle θ in
the reciprocal space about the origin, i.e, (0,0). For even commensurate stacking
fault, the K points of reciprocal lattices of the two layers are then coincident [84],

i.e., ~K + ~Gm,k = ~K(θ) + ~Gm′,k′(θ), while for the odd stacking fault the K and K′

points are coincident, i.e., ~K + ~Gm,k = ~K ′(θ) + ~Gm′,k′(θ) [84]. Here k, m, k′, and
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Figure 14. Misoriented graphene bilayer with angle of rotation θ, shown schematically in real space. The
axis of rotation passes through atoms of A-sublattice in the two layers. The black solid dots and the red
open dots are the atomic positions in two different layers.

m′ are integer numbers.
Due to periodic modulation of rotated bilayer graphene at the commensurate

angles the effective interlayer coupling, γeff , is determined by the Fourier transform

of the interlayer potential function at the wave vector ~K+ ~Gm,k. Then the effective
low-energy Hamiltonians of the rotated bilayer at commensurate condition are
given by [84]

Heven =









0 vFπ− γθe
iφ/2 0

vFπ+ 0 0 γθe
−iφ/2

γ+
θ eiφ/2 0 0 vFπ−

0 γ+
θ eiφ/2 vFπ+ 0









, (32)

Hodd =









0 vFπ− 0 0
vFπ+ 0 γθ 0

0 γ+
θ 0 vFπ−

0 0 vFπ+ 0









. (33)

The Hamiltonians (32) and (33) are generalization of the Hamiltonians (16) and
(17) of regular bilayer graphene. Here γθ = γeffeiθ and the phase angle φ is deter-
mined by the interlayer potential.

For the odd rotated bilayer and for all rotation angles, the Hamiltonian (33)
is completely identical to the Hamiltonian (17) of bilayer graphene with Bernal
stacking. The only difference is the magnitude of interlayer coupling. While for
Bernal stacking the interlayer coupling γ1 is around 400 meV, the coupling in
rotated bilayer is order of magnitude smaller, γθ ∼ 10 meV. Therefore, for the
effects of the electron-electron interaction and the properties of FQHE, the odd-
rotated bilayer behaves similar to bilayer graphene with Bernal stacking and the
results of previous section are applicable to odd-rotated bilayer.

For the even rotated bilayer the Hamiltonian is similar to the Hamiltonian of bi-
layer graphene with AA stacking and the interaction properties of the even rotated
bilayer becomes completely identical to the bilayer graphene with AA stacking.
The additional phases in the Hamiltonian (32) affects the phases of the wave func-
tion components, which can be visible in magneto-optics experiments [86], but the
pseudopotentials do not depend on these phases and correspondingly on the inter-
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Figure 15. Schematic illustration of two different stacking arrangements of trilayer graphene, consisting of
three coupled monolayers of graphene: (a) ABA stacking; (b) ABC stacking. Each graphene layer consists
of two inequivalent sites A and B. The intra-layer and intra-layer hopping integrals are shown by γ0 and
γ1, respectively.

layer coupling. The pseudopotentials for the even rotated bilayer are identical to
those of individual graphene layers. Therefore, as far as the FQHE is concerned,
the even rotated bilayer can be considered as two decoupled graphene layers for
any twist angle.

4. Fractional quantum Hall effect in trilayer graphene

A trilayer graphene consisting of three coupled graphene layers, has a very unique
electronic energy spectrum. Within the nearest-neighbor inter-layer coupling ap-
proximation the energy spectrum of trilayer graphene with Bernal stacking consists
effectively of decoupled single-layer graphene and the bilayer graphene energy spec-
tra. Therefore the trilayer graphene system allows us to study experimentally both
the massless and massive energy spectra within a single system. In a strong perpen-
dicular magnetic field the Landau energy spectrum of trilayer graphene becomes
the combination of Landau levels of single-layer and bilayer graphene. This com-
bination exhibits many crossing of the Landau levels as a function of the magnetic
field. At the crossing points the Landau levels are highly degenerate. The degener-
acy is lifted when the higher-order inter-layer coupling terms are taken into account,
resulting in rich properties of quantum Hall effect in trilayer graphene [87, 88].

Novel features of the FQHE should be also expected in trilayer graphene. In what
follows, we explore the properties of FQHE in trilayer graphene within the nearest-
neighbor inter-layer coupling approximation. The trilayer graphene can be in two
main stacking arrangements: the ABA (Bernal) stacking and the ABC stacking,
which are schematically shown in Fig. 15.

Within the nearest neighbour inter-layer coupling, the Hamiltonian of trilayer
graphene is characterized by two parameters alone: the intra-layer, γ0, and inter-
layer, γ1, tunnelling integrals. In a perpendicular magnetic field the Hamiltonian
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of trilayer graphene for a single valley, e.g. valley K, takes the form [87, 89]

H(ABA) =

















0 vFπ− 0 0 0 0
vFπ+ 0 γ1 0 0 0

0 γ1 0 vFπ− 0 γ1

0 0 vFπ+ 0 0 0
0 0 0 0 0 vFπ−
0 0 γ1 0 vFπ+ 0

















, (34)

for the ABA stacking and

H(ABC) =

















0 vFπ− 0 0 0 0
vFπ+ 0 γ1 0 0 0

0 γ1 0 vFπ− 0 0
0 0 vFπ+ 0 γ1 0
0 0 0 γ1 0 vFπ−
0 0 0 0 vFπ+ 0

















, (35)

for the ABC stacking. The Landau levels of trilayer graphene can be obtained
from the Hamiltonian matrix (34) (or (35)). The corresponding wave functions are
parametrized by the integer n and can be expressed through the non-relativistic
Landau level wave functions as

Ψ(ABA) =

















C1φn−1,m

C2φn,m

C3φn,m

C4φn+1,m

C5φn−1,m

C6φn,m

















, (36)

for the ABA stacking and

Ψ(ABC) =

















C1φn−1,m

C2φn,m

C3φn,m

C4φn+1,m

C5φn+1,m

C6φn+2,m

















, (37)

for the ABC stacking. Therefore the Landau wave functions of trilayer graphene
are the combinations of n, n−1, and n+1 non-relativistic Landau functions for the
ABA stacking, and n, n− 1, n+1, and n+2 non-relativistic Landau functions for
the ABC stacking. With the known wave functions, the corresponding form factors
of the Haldane pseudopotential can be evaluated from the following expressions

FABA
n (q) =

(

|C1|2 + |C5|2
)

Ln−1(q
2/2) +

(

|C2|2 + |C3|2 + |C6|2
)

Ln(q2/2) + |C4|2Ln+1(q
2/2), (38)



November 5, 2011 11:36 Physics of Graphene, Eds. Hideo Aoki & Mildred Dresselhaus chapter

29

for the ABA stacking and

FABC
n (q) = |C1|2Ln−1(q

2/2) +
(

|C2|2 + |C3|2
)

Ln(q2/2) +
(

|C4|2 + |C5|2
)

Ln+1(q
2/2) + |C6|2Ln+2(q

2/2), (39)

for the ABC stacking.
The Landau energy spectrum found from the Hamiltonian matrices (34) and (35)

have the following properties:
ABA stacking: The ABA stacking has the unique property that it is completely

identical to combination of the single graphene layer and the bilayer graphene sys-
tems. This property follows directly from the Hamiltonian (34). Therefore the Lan-
dau levels of trilayer graphene consist of the Landau levels of single layer graphene
and the Landau levels of bilayer graphene. Within the nearest neighbour inter-layer
coupling, considered in the Hamiltonian (34) these Landau levels are decoupled.
Hence the FQHE in this system should be identical to the FQHE in a single layer
graphene and in bilayer graphene.

ABC stacking: For each n ≥ 0 there are six Landau energy levels with the energies
[89]

ε(1)n = ±
√

2
√
η cos

(η

3

)

− δ1
3

(40)

ε(2)n = ±
√

2
√
η cos

(

η + 4π

3

)

− δ1
3

(41)

ε(3)n = ±
√

2
√
η cos

(

η + 2π

3

)

− δ1
3

(42)

where

cos η =
− δ3

1

27
+

γ
1
γ
2

6
− γ

3

2
(

δ2
1

9 − δ
2

3

)3/2
(43)

and

δ1 = −2γ2
1 − 3(1 + n)ε2B (44)

δ2 = γ4
1 + 2(1 + n)γ2

1ε
2
B + (2 + 6n+ 3n2)ε4B (45)

δ3 = −n(n+ 1)(n+ 2)ε6B. (46)

At n = −1, there are three Landau levels. One Landau level has zero energy,
ε = 0, with the wave function Ψ(ABC) ∝ (0, 0, 0,−εBφ0,m, 0, γ1φ1,m). The other

two levels have the energies ε = ±
√

ε2B + γ2
1 with the wave functions Ψ(ABC) ∝

(0, 0, 0, γ1φ0,m, εφ0,m, εBφ1,m).
At n = −2 there is only one Landau level with energy ε = 0 and the wave

function Ψ(ABC) ∝ (0, 0, 0, 0, 0, φ0,m). This Landau level is completely identical to
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the n = 0 non-relativistic Landau level. Therefore the FQHE at this Landau level
should have exactly the same strength as for the n = 0 non-relativistic Landau
level.

With the known wave functions of the Landau levels of trilayer graphene, we
evaluate the form factors and the corresponding pseudopotentials. With these psu-
dopotentials we then analyse the properties of the FQHE in trilayer graphene. In
Fig. 16, the lowest Landau levels of trilayer graphene are shown, where the red and
blue lines correspond to the Landau levels with a strong FQHE. The strength of
the FQHE is characterized by the excitation gap, which are shown in Fig. 16 for
the filling factor ν = 1

3
.

For the ABA stacking, the trilayer graphene can be considered as the decoupled
system of single layer and bilayer graphene. The blue and red lines correspond
to the Landau levels with a strong FQHE of single layer graphene and bilayer
graphene, respectively. The strongest FQHE with a gap of 0.09εC is observed in
the n = 1 single graphene layer [see Fig. 16 (a)]. At the zero energy, the Landau
levels of bilayer graphene and the single-layer graphene are degenerate, having the
FQHE of the same strength.

For the ABC stacking (see Fig. 16), the trilayer graphene cannot be divided into
more simple systems. Similar to the ABA stacking there is one Landau level with
the strongest FQHE (the gap is 0.09εC), the gap of which is close to the FQHE gap
of the n = 1 single layer graphene. The Landau level with zero energy is identical to
the n = 0 Landau level of the single-layer graphene and the n = 0 non-relativistic
Landau level. With a few Landau levels showing the strong FQHE, the strength
of the FQHE for the ABC stacking does not exceed the strength of the FQHE in
a single-layer graphene.

5. Some unique properties of interacting Dirac fermions

In this section, we discuss some of the exotic properties of interacting Dirac
fermions. These include the pfaffians in graphene and the FQHE in a topologi-
cal insulator.

5.1. The pfaffians in condensed matter

The vast majority of fractional quantum Hall states observed in the experiments
occur at rational filling fractions ν = p/q, with q being an odd integer [3, 7]. Further,
there have never been any experimental indications that the FQHE would occur
at ν = 1

2
. One also expects that the states in the (n + 1)−th lowest Landau level

(LLL) should be similar to that at the LLL for ν = 1
2
, because the lower n Landau

levels are then completely filled. The discovery of FQHE in a traditional 2DES at
ν = 5

2
in 1987 [90] was therefore a total surprise, for which a proper explanation

of the nature of the state has remained elusive ever since [91]. The state was found
to be quite robust with a sizeable excitation gap (∆ ∼ 0.6 K) and a well-defined
plateau. The Laughlin wave function (1) is not suitable for this state because at
ν = 1

2 it represents a system of bosons. In order to explain the origin of the
corresponding incompressible state, it has been proposed that the ground state of
ν = 5

2 is described by a Pfaffian [92, 93] (or anti-Pfaffian [94, 95]) function. Within
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Figure 16. The lowest Landau energy spectra of trilayer graphene shown as the function of the magnetic
field for (a) ABA and (b) ABC stacking. The red and blue lines correspond to the Landau levels with strong

FQHE. The numbers next to the lines are the values of the ν = 1
3

FQHE gap (in units of εC = e2/κ`0)

at the corresponding Landau level. In panel (a) the blue and red lines corresponds to the Landau levels of
the single layer and bilayer graphene, respectively.

this description, the elementary charged excitations have a charge e∗ = e/4 and
obey ‘non-abelian’ statistics [96, 97]. These unique charged excitations have been
recently observed experimentally [98]. Interesting properties of these quasiparticles,
which carry the signatures of Majorana fermions [99, 100], have initiated a lot of
theoretical interest in the Pfaffian description of the even-denominator FQHE.

The filling factor ν = 5
2 = 2 + 1

2 corresponds to a completely occupied n = 0
Landau level with two components of spin and half-filling of the n = 1 Landau
level. Therefore the Pfaffian state, which is proposed as the incompressible state of
ν = 5

2 , is the ground state of the half-filled n = 1 Landau level. It is obtained by

operating the Pfaffian factor on the Laughlin state (1) at ν = 1
2 :

ΨPf = Pf

(

1

zi − zj

)

∏

i<j

(zi − zj)
2 exp

(

−
∑

i

z2
i

4`20

)

, (47)

where the positions of the electrons are, as usual, described in terms of complex
variable z = x− iy and the Pfaffian factor is defined as [92, 93]

PfMij =
1

2N/2 (N/2)!

∑

σ∈S
N

sgnσ

N/2
∏

l=1

Mσ(2l−1)σ(2l), (48)

for an N ×N antisymmetric matrix whose elements are Mij. Here SN is the group
of permutations of N objects. The Pfaffian factor therefore provides the necessary
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antisymmetry to the Laughlin state at ν = 1
2
.

The Pfaffian state is realized at half occupation of the Landau level, i.e., at
a filling factor ν = 1

2
in a given Landau level, and only for special interaction

potentials. The Pfaffian is the exact ground state with zero energy of the electron
system at half filling for a special three-particle interaction which is non-zero only
if all three particles are in close proximity to each other [93]. In spherical geometry
with flux quanta 2S, it means that the three-particle interaction potential is non-
zero only if the total angular momentum of the three particles is 3S − 3, which is
described by the following interaction Hamiltonian

Hint =
e2

κ`0

∑

i<j<k

Pijk(3S − 3), (49)

where Pijk(L) is the three-particle projection operator onto the state with total

angular momentum L. For realistic two-particle interactions the ν = 1
2

Pfaffian
state is not an exact eigenstate. By varying the two-particle interaction function,
i.e., the Haldane pseudopotentials, a close proximity of the ground state to the
Pfaffian state with an overlap of 99% can be achieved.

It was shown in Ref. [101] that for traditional non-relativistic systems the Pfaffian
(Moore-Read) states can be adiabatically connected to the ν = 1

2 Coulomb ground
state in the n = 1 Landau level by varying the interaction potential from a three-
body interaction (49) to the Coulomb two-body interaction. However, there is no
such connection for the ν = 1

2 Coulomb ground state in the n = 0 Landau level. The
adiabatic connection means that by varying the interaction potential, the system is
always kept in the incompressible state with a finite collective excitation gap. This
result illustrates that for the Coulomb interactions the ν = 1

2 state in the n = 1
non-relativistic Landau level is in the same topological phase as the Pfaffian state,
but the system in the n = 0 Landau level does not show any connection to the
Pfaffian phase. For the pure Coulomb interaction the overlap of the ground state of
the ν = 1

2
system in the n = 1 Landau level with the Pfaffian function is about 80%.

This overlap can be improved by varying the electron-electron potential strength,
for example, by increasing the thickness of the two-dimensional layer [102].

The Pfaffian states are usually studied numerically in the spherical geometry [93,
103]. For a system of N electrons the size of the sphere for which the Pfaffian ground
state is realized, is determined by the condition 2S = 2N − 3, which corresponds
to the filling factor ν = 1

2 in the thermodynamic limit. For such a system and for
the interaction potential of the form of (49), the Pfaffian state is an exact ground
state with zero energy and finite excitation gap. For the two-particle interaction
the interaction potential is characterized by Haldane pseudopotentials (2). The
proximity of the actual ν = 1

2 ground state to the Pfaffian state is most sensitive
to the lowest pseudopotentials, V1, V3, and V5.

5.2. The pfaffians in graphene

The interaction potentials in monolayer and bilayer graphene are different from
those of the non-relativistic 2D systems. This can modify the properties of the
ν = 1

2 state and its proximity to the Pfaffian state in graphene. The numerical
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Figure 17. Few LLLs of a bilayer graphene, shown for U = 50 meV, ∆ = 0, and t = 400 meV. The two
solid red lines belonging to different valleys show the ‘special’ Landau levels where the ν = 1

2
Pfaffian state

can be observed. The two solid green lines show the Landau levels, which at small magnetic field, B → 0,
become identical to the n = 1 Landau level of the non-relativistic 2D system.

analysis in a spherical geometry of a finite-size monolayer graphene system with
up to 14 electrons shows that an incompressible ν = 1

2
Pfaffian state is unlikely

to be found in monolayer graphene [104]. The overlap of the ground state of the
ν = 1

2
system with the Pfaffian function is less than 0.5 for all Landau levels of the

monolayer graphene. The corresponding collective excitation gap is also small.
Interestingly, a very different situation occurs in bilayer graphene. The stability of

the ν = 1
2 Pfaffian state in bilayer graphene can be greatly enhanced as compared

to the non-relativistic system. Here the stability of the incompressible state is
determined by the value of the collective excitation gap, which is correlated to the
overlap of the ground state and the Pfaffian state. In bilayer graphene there is one
‘special’ Landau level (for each valley), which is described by Eq. (29) and has the

label 0
(+)
−1 in valley K (or 0

(−)
1 in valley K′). Numerical studies [104] in a spherical

geometry show that only in this special Landau level the overlap of the ground
state with the Pfaffian state and the excitation gap is large. In all other bilayer
Landau levels the overlap of the ν = 1

2 ground state with the Pfaffian state is found
to be small (< 0.6) and those states cannot be described by the Pfaffian.

At the zero bias voltage this special Landau level has zero energy and is degener-
ate with the level given by Eq. (28). In addition to this accidental degeneracy, each
level has a two-fold valley degeneracy, which make the zero-energy state four-fold
degenerate. At a finite bias voltage this degeneracy is completely lifted and the
special Landau level of bilayer graphene can be isolated. In Fig. 17, a few bilayer
Landau levels are shown at a small bias voltage (U = 50 meV) and zero intra-valley

asymmetry (∆ = 0). The special Landau levels, 0
(+)
−1 and 0

(−)
1 , corresponding to

two different valleys, are shown by red lines. The interaction potentials and the
many-particle properties of these two levels are identical.

From the expression (31) of the form factor, Fn, of the Landau level 0
(+)
−1 (or 0

(−)
1 )

we can obtain the following general property: At a small magnetic field, γ1 � εB,
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Figure 18. (a) Overlap of the exact many-particle ground state with the Pfaffian function. (b) Collective

excitation gap of the ν = 1
2

state. The results are for N = 14, 2S = 25, and U = 0, ∆ = 0. The black and

red lines correspond to γ1 = 400 meV and 300 meV, respectively. The results are shown for of the ν = 1
2

system at ’special’ Landau levels marked by red lines in Fig. 17.

the form factor is identical to the form factor of the non-relativistic n = 1 Landau
level. Therefore in this limit we should expect that the ν = 1

2 state is described
by the Pfaffian and it is in the same topological phase as the Pfaffian state. By
increasing the magnetic field we can change the relation between γ1 and εB, which
changes the interaction properties of the system and the properties of the ν = 1

2
state. Finally, at a very large magnetic field, γ1 � εB, the form factor becomes
identical to that of the n = 0 non-relativistic system, for which there are no ν = 1

2
Pfaffian states. At an intermediate magnetic field there are two possibilities: (i) the
excitation gap of the ν = 1

2
state and the overlap with the Pfaffian state decrease

monotonically with the magnetic field and finally disappear or (ii) the system shows
a non-monotonic dependence with the maximum stability, i.e., the maximum gap,
at the intermediate magnetic field. Our numerical results show that for bilayer
graphene the second situation is indeed realized.

In Fig. 18, the parameters of the ν = 1
2 state are illustrated at the intermediate

magnetic field. Here the overlap of the ground state with the Pfaffian state and the
corresponding excitation gap are shown. These results clearly indicate that with
increasing magnetic field the properties of the system changes non-monotonically
and for γ1 = 400 meV the overlap with the Pfaffian state reaches its maximum
at a magnetic field of ∼ 10 Tesla. The corresponding excitation gap also reaches
its maximum at this point. In dimensionless units the maximum is achieved at
γ1/εB ≈ 4.89. Therefore, for smaller values of γ1 the maximum is achieved at
smaller magnetic fields, which is shown in Fig. 18 for γ1 = 300 meV. The overlap
with the Pfaffian state at the maximum point is ≈ 0.92, which is a major improve-
ment over the non-relativistic system (∼ 0.75, which is the value at zero magnetic
field limit in Fig. 18).

Within this picture the magnetic field should be considered as the parameter
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Figure 19. (a) Overlap of the exact many-particle ground state with the Pfaffian function. (b) Collective

excitation gap of the ν = 1
2

state. The results are for N = 14, 2S = 25, and γ1 = 0, ∆ = 0, and two values

of U = 50 meV and 400 meV. The results are shown for the ν = 1
2

system at the Landau levels marked
by green lines in Fig. 17.

which adiabatically changes the interaction Hamiltonian from the n = 1 non-

relativistic system to the bilayer system at the special Landau level, 0
(+)
−1 . These

changes are adiabatic since the gap remains non-zero and large. Therefore, we
conclude that the ν = 1

2 state at the special bilayer Landau level is in the same

topological phase as the ν = 1
2 state in the n = 1 non-relativistic Landau level

and correspondingly as the Pfaffian state. At the same time the overlap with the
Pfaffian state and the excitation gap is larger in bilayer graphene (at B ∼ 10 Tesla)
than in the non-relativistic system. Therefore, bilayer graphene provides the more
stable Pfaffian state.

At a large magnetic field the bilayer system at the special Landau level, 0
(+)
−1 ,

becomes close to the n = 0 non-relativistic Landau level, the overlap with the
Pfaffian state becomes small, the excitation gap becomes small, and the ν = 1

2
state finally becomes compressible. This dependence on the magnetic field opens
up interesting possibilities to investigate the stability and appearance and disap-
pearance of the ν = 1

2
Pfaffian state in a single Landau level of bilayer graphene.

Although the Pfaffian state becomes unstable only at large magnetic fields, this
property strongly depends on the value of the hopping integral. At smaller hop-
ping integrals the magnetic field range of stability of the Pfaffian state shrinks. For
example, at t = 300 meV the Pfaffian state is expected to be unstable at B ∼ 40
Tesla (see Fig. 18). The dependence of the properties of the ν = 1

2 state on the
bias voltage is weak within the broad range of U [104].

In bilayer graphene there is another set of Landau levels, which are shown by

green lines in Fig. 17 and are labelled as 2
(+)
1 for valley K and 2

(−)
−1 for valley K′.

These Landau levels have the following property. At a finite bias voltage and a
small magnetic field the corresponding Landau level wave functions are described
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Figure 20. (a) The trajectory of the inter-electron interaction pseudopotential with varying magnetic field,

shown by a solid red line in the plane (V1/V5) − (V3/V5) for the ‘special’ bilayer Landau levels 0
(−)
1 and

0
(+)
−1 . The corresponding Landau levels are marked by a red line in Fig. 17. The green lines depict the

trajectory of the interaction potential corresponding to the Landau levels 2
(−)
−1 and 2

(+)
1 , marked by green

lines in Fig. 17. The initial point of the trajectory (at B = 0) corresponds to the non-relativistic system
in the n = 1 Landau level, while the final point (at B = ∞) corresponds to the non-relativistic system

in the n = 0 Landau level. The shaded region illustrates the compressible ν = 1
2

state, while the blank

region corresponds to the incompressible ν = 1
2

state (Ref. [101]). The crossing of the boundary between
the compressible and incompressible states occurs at B ∼ 100 Tesla for the hopping integral γ1 = 400
meV. The blue dashed line shows the region of large overlap with the Pfaffian state (Ref. [101]). (b) Ratios
of the pseudopotentials at two values of the angular momentum are shown as a function of the magnetic

field for two ’special’ Landau levels 0
(−)
1 and 0

(+)
−1 . The dashed region corresponds to a large overlap of the

ground state with the Pfaffian function and also a large excitation gap.

by the n = 1 non-relativistic Landau wave functions, (0, φ1,m, 0, 0). Therefore in
this limit the interaction potentials become identical to the interaction potentials
of the non-relativistic system in the n = 1 Landau level. Then the ν = 1

2 Pfaffain

state should be realized in the bilayer Landau level 2
(+)
1 (2

(−)
−1 ) for small values of

the magnetic field. With increasing magnetic field the interaction potentials are
modified which should influence the properties of the ν = 1

2 state. In Fig. 19, we

present the magnetic field dependence of the parameters of the ν = 1
2 state in the

Landau level 2
(+)
1 (2

(−)
−1 ). Evidently, in this case with an increasing magnetic field

the overlap with the Pfaffian state and the excitation gap are strongly suppressed.
Therefore in this bilayer Landau level the ν = 1

2 Pfaffian state cannot be realized.

The stability of the ν = 1
2 ground state and its proximity to the Pfaffian state

can also be analyzed in terms of the general dependence of the Haldane pseu-
dopotentials, Vm, on the relative angular momentum, m. The ν = 1

2 Pfaffian state
is most sensitive to the following parameters of the pseudopotential: V1/V5 and
V3/V5 [101]. These parameters depend on the strength of the magnetic field. By
varying the magnetic field, we introduce an adiabatic transition of the pseudopo-
tentials from one set to another. Such a transition can be shown as a line in the
(V1/V5)− (V3/V5) plane (see Fig. 20). That line connects the initial point at B = 0
to the final point, corresponding to a large magnetic field, B = ∞. In Fig. 20, three
regions which were identified in Ref. [101] are shown: (i) region of large overlap of
the ν = 1

2
ground state with the Pfaffian function and the largest excitation gap

and correspondingly the most stable ν = 1
2 Pfaffian state. (ii) That region is sur-

rounded by the region of less stable Pfaffian state. (iii) The region of compressible
states, i.e., with zero excitation gap.
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The red line in Fig. 20 (a) corresponds to the special bilayer Landau level 0
(+)
−1

(0
(−)
1 ) (Fig. 17). In this Landau level the ν = 1

2
bilayer graphene system at the

initial and final points are identical to the non-relativistic 2D systems in the first
(n = 1) and zero (n = 0) Landau levels, respectively. For the intermediate magnetic
field the line goes through the region of most stable Pfaffian state. Therefore with
an increasing magnetic field, the ν = 1

2 bilayer graphene system in the special

Landau level transforms from a ν = 5
2 non-relativistic state (at small values of B)

to a more stable incompressible state with a large overlap and a large gap, and
finally to a compressible state (at a large magnetic field). This behavior is consistent
with the result shown in Fig. 18, where the large excitation gap is realized at a
finite magnetic field. For the hopping integral t = 400 meV, the transition from the
incompressible to a compressible ν = 1

2
state occurs at B ∼ 100 Tesla. In Fig. 20

(b) the dependences of both parameters (V1/V5) and (V3/V5) on the magnetic field

are shown for the bilayer Landau level 0
(+)
−1 . These dependences correspond to the

red line in Fig. 20 (a). The dashed region shows the region of stable ν = 1
2

ground
state with a large excitation gap and a large overlap with the Pfaffian state. This
region is realized at a finite magnetic field, B ∼ 10 Tesla, which is consistent with
the results of Fig. 18.

The green lines in Fig. 20 correspond to the Landau level 2
(+)
1 (2

(−)
−1 ) (Fig. 17).

The results clearly show that with increasing magnetic field and for all values of U
and ∆, the ν = 1

2
system becomes less stable by having a smaller excitation gap,

which support the results shown in Fig. 19.
Therefore, the incompressible ν = 1

2
Pfaffian state can actually be found in a

bilayer graphene in one of the Landau levels. The properties of this state strongly
depend on the magnetic field strength. With increasing magnetic field the graphene
system at this special Landau level shows a transition from the incompressible to
a compressible state with increasing magnetic field. At a finite magnetic field the
Pfaffian state in bilayer graphene becomes more stable with the larger excitation
gap than its counterpart in non-relativistic 2D electron systems.

5.3. Interacting Dirac fermions on the surface of a topological insulator

The relativistic dispersion relation, observed in monolayer graphene, is also re-
alized in special insulators with topologically protected surface states [105, 106].
Those states in topological insulators are gapless with linear (relativistic) disper-
sion relation similar to the energy spectra of graphene. Therefore the properties
of the surface states of topological insulators are expected to be similar to the
properties of graphene. Experimentally the topological insulator has been realized
in Bi1−xSbx and Bi2Se3 materials, containing a single Dirac cone on the surface
[107, 108].

In an external magnetic field the properties of surface Landau levels of a topolog-
ical insulator are similar to those of Landau levels in graphene [109, 110]. Although
the low-energy dynamics of the surface states is similar to graphene, there is how-
ever, an important difference between these two systems. While the electronic states
of graphene are strictly two-dimensional and are localized within a single graphene
plane, the surface states in a topological insulator have a finite width in the growth
direction. The finite width of the surface states in topological insulators modifies
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the electron-electron interaction potential which in turn, modifies the properties
of the FQHE states. In traditional (non-relativistic) electron systems, an increase
in the width of the 2D layer causes a reduction of the FQHE gaps and hence a
reduction of the stability of the corresponding incompressible states. Therefore,
we should expect that the FQHE gaps in a topological insulator to be weaker as
compared to those in graphene.

To analyze the properties of the FQHE in the surface states of a topologi-
cal insulator, we start with the low-energy effective Hamiltonian introduced in
Ref. [111, 112]. The Hamiltonian has the matrix form of size 4 × 4 and is given by

HTI =









ε(~p) +M(~p) (A1/~)pz 0 (A2/~)p−
(A1/~)pz ε(~p) −M(~p) (A2/~)p− 0

0 (A2/~)p+ ε(~p) +M(~p) −(A1/~)pz

(A2/~)p+ 0 −(A1/~)pz ε(~p) −M(~p)









, (50)

where ε(~p) = C1 + (D1/~
2)p2

z + (D2/~
2)(p2

x + p2
y), M(~p) = M0 − (B1/~)p2

z −
(B2/~

2)(p2
x + p2

y). Here for the Bi2Se3 topological insulator the material constants

are A1 = 2.2 eV · Å, A2 = 4.1 eV · Å, B1 = 10 eV ·Å2, B2 = 56.6 eV · Å2,

C1 = −0.0068 eV, D1 = 1.3 eV ·Å2, D2 = 19.6 eV ·Å2, and M0 = 0.28 eV.
The topological insulator film has a finite thickness of Lz. We assume that the
two surfaces of the film are at z = 0 and z = Lz. The four-component wave
functions corresponding to the Hamiltonian (50) determine the amplitudes of the
wave functions at the positions of Bi and Se atoms: (Bi↑,Se↑,Bi↓,Se↓), where the
arrows indicate the electron spin directions.

The external magnetic field is introduced along the z-direction which results in
Landau quantization of the electron motion in the x − y plane. The correspond-
ing Landau levels, which include both the surface and bulk Landau levels, can be
found from the Hamiltonian matrix by replacing the x and y components of the
momentum by the generalized momentum [113] and introducing the Zeeman en-
ergy, ∆z = 1

2
gsµBB. Here gs ≈ 8 is the effective g-factor of surface states [112, 114]

and µB is the Bohr magneton. The Landau levels are characterized by an integer
index n with the corresponding wave functions

Ψ(TI)
n =













χ
(1)
n (z)φ|n|−1,m

χ
(2)
n (z)φ|n|−1,m

iχ
(3)
n (z)φ|n|,m

iχ
(4)
n (z)φ|n|,m













, (51)

for n > 0 and

Ψ(TI)
n =











0
0

iχ
(3)
n (z)φ|n|,m

iχ
(4)
n (z)φ|n|,m











, (52)
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Figure 21. (a) The lowest surface Landau levels of a TI film are shown at a film thickness of Lz = 30 Å.
For each n there are two LLs of the TI film, belonging to the two surfaces of the film. (b) The electron
density along the z axis for one of the n = 1 Landau levels and for different values of the thickness, Lz , of
the Bi2Se3 film. The numbers next to the lines are the values of Lz . The magnetic field is at 15 Tesla.

for n = 0. The functions χ
(i)
n (z) satisfy the following eigenvalue equations

εχ(1)
n (z) =

(

εz,n +Mz,n + ∆z

)

χ(1)
n (z)

+ iA1

dχ
(2)
n (z)

dz
−
√

2(n+ 1)

`0
A2χ

(4)
n (z) (53)

εχ(2)
n (z) =

(

εz,n −Mz,n + ∆z

)

χ(2)
n (z)

+ iA1

dχ
(1)
n (z)

dz
−
√

2(n+ 1)

`0
A2χ

(3)
n (z) (54)

εχ(3)
n (z) =

(

εz,n+1 +Mz,n+1 − ∆z

)

χ(3)
n (z)

− iA1

dχ
(4)
n (z)

dz
−
√

2(n+ 1)

`0
A2χ

(2)
n (55)

εχ(4)
n (z) =

(

εz,n+1 −Mz,n+1 − ∆z

)

χ(4)
n (z)

− iA1

dχ
(3)
n (z)

dz
−
√

2(n+ 1)

`0
A2χ

(1)
n , (56)

where εz,n = C1 + D2
2n+1

`2
0

− D1
d2

dz2 and Mz,n = M0 − B2
2n+1

`2
0

− B1
d2

dz2 . The

solution of the system of equations (53)-(56) determines the Landau level energy
spectra and the corresponding wave functions. We are interested only in the surface
Landau levels. These Landau levels are separated from the bulk Landau levels by
finite energy gaps and the wave functions of the surface Landau levels are localized
near the surface of the topological insulator.

For a topological insulator film there are two surfaces which results in two sets of
surface Landau levels. For thick films the separation between the Landau levels of
the two surfaces is large and the levels with the same n are degenerate. The wave
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functions of the surface Landau levels have a finite width and therefore for small
thickness of the film, the wave functions of the two surfaces overlap. This results
in inter-Landau level coupling which lifts the degeneracy of the Landau levels of
the two surfaces. In Fig. 21(a) the lowest surface Landau levels with indices n = 0

and n = 1 are shown for a topological insulator film of thickness Lz = 30 Å. For
each n there are two Landau levels of the two surfaces of the film. The degeneracy
of the Landau levels is lifted due to the finite film thickness and the finite inter-
Landau level coupling. This coupling is more pronounced at a small film thickness
due to the larger overlap of the corresponding wave functions [Fig. 21 (b)]. For
small Lz, the wave functions of the two surface states have a large overlap and a
large value within the whole topological insulator film, which results in a strong
inter-Landau level coupling. For large Lz, the surface Landau levels are localized
at the two surfaces of the film, resulting in a weak inter-Landau level coupling.
The strong inter-Landau level coupling lifts the degeneracy of the surface Landau
levels and changes the corresponding wave functions. The most important effect
is how this coupling affects the contributions of the n and n − 1 non-relativistic
Landau functions, φ|n|,m and φ|n|−1,m (see Eq. 51), to the Landau wave functions

of the surface states. For n = 0 surface Landau level this is not important since
only n = 0 non-relativistic Landau functions enter in the expression Eq. (52), while
for the n = 1 surface state both the n = 1 and (n− 1) = 0 non-relativistic Landau
functions determine the properties of the topological insulator state. To show the
effect of the inter-Landau level coupling on the wave functions we present in Fig. 21
the densities

ρ
(n=1)
1 (z) = |χ(3)

n=1(z)|2 + |χ(4)
n=1(z)|2, (57)

ρ
(n=0)
1 (z) = |χ(1)

n=1(z)|2 + |χ(2)
n=1(z)|2, (58)

which determines the contribution of the n = 1 and n = 0 non-relativistic Landau
functions. The results are shown for two n = 1 surface Landau levels, which are
coupled due to inter-Landau level coupling. Figure 21 shows clearly that one of
the n = 1 surface Landau levels has a larger contribution from the n = 0 non-
relativistic Landau function, φn=0,m, while the other n = 1 surface Landau level
has a large contribution from the n = 1 non-relativistic Landau function, φn=1,m.

With the known wave functions of the surface Landau levels (51)-(52), the Hal-
dane pseudopotentials, Eq. (2), can be readily evaluated from the following expres-
sion

V (n=0)
m =

∫ ∞

0

dq

2π
qV (q)F1,1(q)L

2
n

(

q2

2

)

Lm(q2)e−q2

, (59)
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Figure 22. The electron densities ρ
(n=1)
1 (z) and ρ

(n=0)
1 (z) of two n = 1 Landau levels for film thickness

of Lz = 24 Å. The black (solid and dotted) lines and blue (solid and dotted) lines correspond to two

n = 1 Landau levels. The densities ρ
(n=1)
1 (z) and ρ

(n=0)
1 (z) show the occupations of the n = 1 and n = 0

non-relativistic Landau level functions, respectively.

for n = 0 and

V (n)
m =

∫ ∞

0

dq

2π
qV (q)1

4

[

F1,1(q)L
2
n

(

q2

2

)

+ 2F1,2(q)Ln

(

q2

2

)

Ln−1

(

q2

2

)

+F2,2(q)L
2
n−1

(

q2

2

)]

Lm(q2)e−q2

, (60)

for n > 0. Here the form factors Fi,j(q) are evaluated from,

F1,1(q) =

∫

dz1dz2ρ
(n)
n (z1)ρ

(n)
n (z2)e

−|z
1
−z2|q,

F1,2(q) =

∫

dz1dz2ρ
(n)
n (z1)ρ

(n−1)
n (z2)e

−|z
1
−z

2
|q,

F2,2(q) =

∫

dz1dz2ρ
(n−1)
n (z1)ρ

(n−1)
n (z2)e

−|z
1
−z

2
|q,

where ρ
(n)
n (z) = |χ(3)

n (z)|2 + |χ(4)
n (z)|2 and ρ

(n−1)
n (z) = |χ(1)

n (z)|2 + |χ(2)
n (z)|2 deter-

mine the occupation of n-th and (n− 1)-th non-relativistic LLs for the topological
insulator surface Landau level with index n.

The mixture of surface Landau levels has a strong effect on the pseudopotentials,
which is visible only at a small thickness of the film and for n = 1 Landau levels.
The stability of the incompressible states (i.e., the gaps of the FQHE states) de-
pends on how fast the pseudopotentials decreases with increasing relative angular
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Figure 23. The ratios of pseudopotentials, (V1/V3) (panel (a)) and (V3/V5) (panel (b)), for the surface
Landau levels of a topological insulator at two odd relative angular momenta shown as a function of the
thickness of the topological insulator film. The ratios are shown for the n = 0 and two n = 1 surface
Landau levels of the topological insulator.

momentum, m. In Fig. 23, the ratios of two nearest odd pseudopotentials, (V1/V3)
and (V3/V5), are shown as the function of the thickness of the film for the n = 0
and n = 1 surface Landau levels. For the n = 0 Landau level the ratios of the
pseudopotentials monotonically decrease with the thickness, Lz. This monotonic
dependence shows that the n = 0 surface Landau level does not depend on the
mixture of two surface states and the reduction is due to the increase of the width
of the surface wave functions in the z-direction [Fig. 21 (b)]. For two n = 1 surface
Landau levels there is a different dependence on the Lz. For a small thickness the
inter-Landau level coupling is large, which results in a strong nonmonotonic de-
pendence of the pseudopotential ratios on Lz. For one of the n = 1 Landau levels
the pseudopotential ratios have a well pronounced maximum. For a large thickness
of the topological insulator film, the inter-Landau level coupling is weak and the
pseudopotantials monotonically decrease with Lz, which is similar to that of the
n = 0 Landau level and is due to the increase of the width of the surface wave
functions in the z-direction. For a large thickness of the topological insulator film,
the ratio of the first two pseudopotentials, V3/V1, becomes the same for all Landau
levels. This fact suggests that for large Lz the FQHE gaps are almost the same in
the n = 0 and n = 1 Landau levels.

With the known pseudopotentials the energy spectra of the ν = 1
3 and ν = 2

5
FQHE systems are evaluated numerically in the spherical geometry. The corre-
sponding energy gaps are shown in Fig. 24 for different thicknesses of the film
[115]. The Lz dependence of the energy gaps is very similar to the Lz dependence
of the pseudopotentials of the energy gaps at the corresponding LLs (see Fig. 23).
For a small thickness, the non-monotonic dependence for the n = 1 Landau levels
is due to the inter-Landau mixture, while for a large thickness, the FQHE gaps
monotonically decrease with the thickness due to the increase of the width in the
z-direction of the surface wave functions. The FQHE gaps in the n = 1 and n = 0
Landau levels become almost the same for large thickness of the film.

Experimentally it would be easier to study the dependence of the FQHE gaps
on the parameters of the system for a given thickness of the film by varying the
strength of the external magnetic field. In Fig. 25, we show the dependence of the
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Figure 24. (a) The ν = 1
3

FQHE gap shown for different Landau levels of a topological insulator film as a
function of the film thickness. The FQHE gaps were evaluated numerically for a finite-size system of N = 9
electrons and flux quanta 2S = 24. (b) The ν = 2

5
FQHE gap is shown for different Landau levels of the

topological insulator film as a function of the film thickness. The FQHE gaps were evaluated numerically
for a finite-size system of N = 10 electrons and the flux quanta 2S = 21. The magnetic field is 15 Tesla
and the energy is shown in units of the Coulomb energy, εC = e2/κ`0.

ν = 1
3 FQHE gap on the magnetic field for two different films with a small thickness,

Lz = 25 Å, and a large thickness, Lz = 50 Å. The properties of the system depend
on the dimensionless thickness of the film, expressed in units of the magnetic length,
`0. Therefore with increasing magnetic field the magnetic length decreases, and
the dimensionless thickness increases. Then without any inter-Landau mixture we
would expect a monotonic decrease of the excitation gaps with magnetic field due
to the increase of the dimensionless width of the surface wave functions. For the
small thickness [Fig. 25(a)], the inter-Landau coupling is strong. As a result the
FQHE gap at one of the n = 1 Landau levels increases monotonically with magnetic
field, while the other n = 1 Landau level displays a monotonic decrease of the gap
with magnetic field, B. An experimental observation of the monotonic increase of
the FQHE gaps with magnetic field would be a direct manifestation of the strong
inter-Landau level coupling.

For the large film thickness [Fig. 25(b)], the inter-Landau level coupling is weak
and we see a monotonic decrease of the FQHE gaps with magnetic field for all
Landau levels. This is due to the increase of the dimensionless width of the surface
Landau level wave functions. For the n = 0 Landau levels, which are not affected by
the Landau level coupling, a monotonic decrease with magnetic field, B, is visible
for both small and large thicknesses of the film. The results shown in Fig. 25 also
illustrate the fact that the FQHE gaps in a topological insulator is less than the
maximum FQHE gap that is expected in graphene in the n = 1 Landau level.

The FQHE can indeed be observed on the surface Landau levels of a topological
insulator. The strength of the FQHE, which is characterized by the value of the
excitation gap, has non-trivial dependence on the thickness of the film. For a small
thickness of the topological insulator film, the inter-Landau level coupling and the
mixture of the levels are strong, which results in a non-monotonic dependence,
with a well-pronounced maximum of the FQHE gaps on the thickness of the film,
in the n = 1 Landau levels. For a large thickness of the film, when the inter-Landau
level coupling is small, the FQHE gaps monotonically decrease with the thickness,
which is due to an increase of the width of the surface Landau levels. The effect
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Figure 25. The ν = 1
3

FQHE gap as a function of the magnetic field shown for different Landau levels of

a topological insulator film: two n = 1 LLs (black lines) and one n = 0 LL (red line). The thickness of the

film is (a) Lz = 25 Å and (b) Lz = 50 Å. The red arrows show the FQHE gaps in the n = 0 and n = 1
Landau levels of graphene. The FQHE gaps were evaluated numerically for a finite-size system of N = 9
electrons and flux quanta 2S = 24. The energy is shown in units of the Coulomb energy, εC = e2/κ`0.

of the inter-Landau level coupling on the n = 0 surface states is very weak. As a
result, for the n = 0 Landau levels the FQHE gaps monotonically decrease with
the thickness for all values of Lz. In general, for a finite thickness of the topological
insulator films, the FQHE gaps are the largest in the n = 1 Landau levels, which
is similar to the case of a monolayer graphene. At a large enough thickness of the
film, Lz > 7 nm, the gaps of FQHE states in the n = 0 and n = 1 Landau levels
become comparable. Experimental observation of these theooretical predictions,
just as in the case of graphene [47, 62, 70] would be an important advancement in
our understanding of this unique state of matter.

6. Conclusions

We have briefly reviewed the rich physics exhibited by interacting electrons in
monolayer and bilayer graphene in the quantum Hall effect regime. The behavior
of massless Dirac fermions in monolayer graphene and massive chiral fermions in
bilayer graphene are distinctly different from electron dynamics in traditional two-
dimensional electron systems. In bilayer graphene, we described in detail about
possible transitions from the fractional quantum Hall state to a compressible state
and back to the FQHE state in the same Landau level by simply tuning the band
gap at a given electron density. Similarly, we suggest the possibility of a FQHE
– no-FQHE – FQHE transition within a Landau level of bilayer graphene. These
controllable driven transitions are unique to bilayer graphene and do not exist in
conventional 2D electron systems. Experimental observation of these will provide
a rare glimpse into the properties of incompressible and compressible states in bi-
layer graphene. Incompressible states in trilayer graphene are also briefly discussed.
Novel states, such as the incompressible Pfaffian state at ν = 5

2 are expected to be
present in bilayer graphene. Finally, we present a brief description of the properties
of FQHE states of Dirac fermions on the surface of a topological insulator.
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